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Spread your wings with
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A Powerful New Teachers Edition.

The Sullivan/Miranda Third Edition Teacher’s Edition—
your indispensable guide.

ALTERNATE EXAMPLE

Finding the Derivative of a Function at
a Number

The Derivative and Its Properties
Find the value of the derivative of
f(x)=2x? ~3x—2 at x=2using
technology.

Solution
We use the nDeriv command found in the
math menu.

-2y

5. 00008

Chapter 2: Resources

Note that the inputs are nDeriv(function, x,
value to evaluate).

“This result confirms the resultin
Example 6 obtained by calculating f'(2)
using the defniion of the dervative.

AP? CALC SKILL BUILDER
FOR EXAMPLE 7

Finding an Equation of a Tangent Line
The function fis defined on the closed
interval -2, 5. The graph of the derivative
¥=1"(x)s shown. Suppose the point
2,6)1s on the graph of . Find an equation
of the tangent ine to the graph of fat

2,

i Section 23:The Derivative of .

»od Habits

College Board Resources

rough e coe Thes

Includes

@D Section 2.1: Worksheet 2

idents to the ‘This worksheet includes 2 problems that Solution
d ozens Of featu res ato The askhe student 0 find an equalion for the "
nts to use tangent line to the graph of each function Since f*(2) =12, the slope of the tangent
. derivative of ata given point and 2 problems that ask line to the graph of f at x=2is 12. Using
b ui ’ t or t he tea [of h @I fscntepin  hesudentiofd e devatve o cach the point-siope form of the ine, we get
on. It also funcion at a given number. y—12)=1"2)(x~2)
. he for e Jb—t2x-2)
to master their /=

instruction
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Written to help you realize success, the Teacher’s Edition for Sullivan and Miranda, Calculus for the AP® Course,
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 AP® Calc Skill Builder worked examples (refined to explain concepts as they may appear on the AP® Exam)
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Engaging Students. Empowering Teachers.

A Complete Teacher Resource Package

In addition to the Teacher’s Edition, The Sullivan and Miranda’s Calculus for the AP® Course Third Edition program
includes these completely revamped teacher resources, each fully aligned to the 2019 CED.
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Course, Third Edition, comes complete with
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platform, SaplingPlus. Every problem
includes targeted feedback that tailors
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or response. This essential and real-time
guidance makes every problem count,
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get a solution incorrect. SaplingPlus features:
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students with real-time guidance
on every problem
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Ready to order the most trusted program in AP® Calculus?
Contact your sales representative today!

Ordering Instructions
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find out the most accurate pricing and the availability of supple-
ments. Orders for student editions of the text and any non-com-
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Order Department:
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ATTN: Order Entry

16365 James Madison Hwy
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Phone: 888-330-8477 (toll free)
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all required order information:

Purchase Order #

School District Account #

Specified Billing Address
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Purchase Order Total
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Pricing policy

Prices are subject to change. Before placing an order, make
sure you have the current price of the materials you want to pur-
chase. To avoid unnecessary delays in the processing of your
order, please contact your sales representative to obtain the most
up-to-date pricing information. Up-to-date pricing is also avail-
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Supplements

Complimentary teacher supplements are obtained directly from
your representative. Supplements included on your purchase
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The Derivative and Its Properties

Overview

In Chapter 2, we begin our exploration of derivatives. Students
will be introduced to the definition of a derivative in this chapter
and be introduced to rules that they can use to take the deriva-
tive of some basic functions. Students will also learn to identify
where derivatives do not exist and learn their first application of
derivatives, motion problems. In Chapter 2, students will touch
on all three of the Big Ideas in the 2019 AP® Calculus Course
and Exam Description.

Big Idea 1: Change
Big Idea 2: Limits
Big Idea 3: Analysis of Functions

Students will use limits to continue exploring the idea of
change at an instant and learn that a derivative is defined by the
limit of a difference quotient. Students will learn that derivatives
tell students about the rate of change at an instant and then learn
how to use derivatives to analyze the behavior of functions. The
study of change and analysis of functions will continue through-
out the book.

The derivative is the heart of calculus. Anytime we talk about the
derivative, we are talking about slope, which is how we display a
rate of change graphically. The applications of the derivative, or rate
of change, are infinite. Whether you are driving your car down the
interstate or waiting for water to boil, you want something to change.
We certainly don’t put a pot of water on the stove hoping it will
stay that way forever. As we fill the pot with water, the water level
is changing. Then we place the pot on the stove and turn up the
heat. We wait for the temperature to change. While we wait, time
is changing. Our position in the kitchen likely changes as well.

All of these things, plus infinitely more, happen every day.
These changes also influence other changes. In calculus, we aim
to study this process by focusing on one item at a time. We may
focus specifically on the rate of change of the temperature of the
water over time. As we watch a pot of water that we just placed
over a source of heat, it takes what often seems like forever for
something to happen. Finally, we observe a single bubble, then
another, then three, and five, and before we know it, the water is
at a rapid boil. The rate of change of the temperature is not con-
stant over time. There is a long period of waiting that precedes
the rapid boiling. Also, the water does not become infinitely hot.
2-2 Chapter 2 - The Derivative and Its Properties

There is a limiting temperature as well. In calculus, we seek to
quantify, understand, and explain behaviors such as these.

Chapter 2 Section Topics

Section 2.1: Rates of Change and the
Derivative

In this section, students slowly build up the idea of a derivative. The
average rate of change is akin to the slope of a secant line, whereas
the instantaneous rate of change is essentially the slope of a tangent
line, and thus synonymous with the value of the derivative at a point.
Students are used to dealing with average rates of change, because
they do it every time they find the slope of a line. In this section, you
will begin to get students used to the idea of finding the instanta-
neous rate of change of a function. Students will also learn about the
difference between average and instantaneous velocity.

Section 2.2: The Derivative as a

Function; Differentiability

Students will learn how to find the derivative of a function, not
only at a specific point, but for any real number. Students will also
sketch the graph of a derivative given the graph of a function and
learn about differentiability. Differentiability will be an important
criterion that functions have to meet for theorems that students will
learn in the future, such as the Mean Value Theorem (Section 5.2).

Section 2.3: The Derivative of a

Polynomial Function; The Derivative

of y=¢€*

In this section, the students will begin to build knowledge of com-
mon derivatives. They will learn rules such as the Power Rule that
will allow them to find the derivative of all polynomial functions
without having to use the limit process. Students will also learn how
to take the derivative of y = ¢* and other exponentials.

Section 2.4: Differentiating the
Product and the Quotient of Two
Functions; Higher-Order Derivatives

Students will learn to distinguish the Product Rule and Quo-
tient Rule. Related to the Quotient Rule is the derivative of the

©2020 BFW HS Publishers. Pages not final. For review purposes only. Do not distribute.



reciprocal function, which is presented as a corollary. Students
will also learn the General Power Rule, which will prepare
them for taking higher-order derivatives. Students may be sur-
prised to learn that the derivative of a product is not simply
the product of the individual derivatives. Also, the derivative
of a quotient is not simply the quotient of the individual deriv-
atives. To convince them of this, consider having them take the
derivative of a product of two binomials both ways: first, by
expanding and then taking the derivative; second, by simply
multiplying the individual derivatives. They will see that the
result is not the same.

Section 2.5: The Derivative of the
Trigonometric Functions

Students will learn the derivative of the six basic trigonometric
functions. They will apply these derivatives in conjunction with
the derivative rules learned in the previous section (the Prod-
uct Rule and Quotient Rule, among others). The descriptive text
provides proofs for the derivative of y = sin x and y = cos x.
Many students will be convinced by a graphical demonstration
of where to use the graph of sin x to create the graph of its deriv-
ative. The same can be done for y = cos x.

Promoting Good Habits
and Skills

Students should begin to take personal responsibility for their
own understanding. Consider talking to the students about being
honest with themselves in assessing what they understand and
what they do not understand. Encourage them to take the initia-
tive to do something about gaps in their knowledge.

1. Students have to get into the habit of diagnosing their own
lacks and identifying when their understanding of a concept
has flaws. Students should not shy from determining if they
require more practice to fully master a particular skill. Then
they have to plan how they can resolve their problem and
exert more effort on those topics. If it is the case that a stu-
dent can’t seem to master a concept, the suggested problems
should be supplemented. The text has an abundance of prac-
tice problems for the student to use. Help students by mak-
ing suggestions. You might start the year off by suggesting
some supplemental problems for students to try if they miss
most or all of the assigned odd questions in the chapter. You
can lessen this support throughout the year until students feel
comfortable picking extra problems on their own.

2. It can also be helpful to encourage students to find a homework
partner, or study partner, to have an in-class support system.

3. There are a variety of websites that have video lessons for
students to watch if they are having difficulty with a ques-
tion. Encourage students to seek these out if they are attempt-
ing their homework and need additional support at home.

Chapter 2: Resources

Teacher's Resource Materials

The following resources can be found by clicking on the links
in the Teacher’s e-Book (TE-book), logging in at the book’s
digital platform (password required), or opening the Teacher’s
Resource Flash Drive (TRFD).

e Chapter 2 PD Videos

This chapter is supported by two kinds of professional devel-
opment videos:

» Teaching Calculus AB by author Joshua Newton
e Teaching Calculus BC by author Brent Ferguson

These videos give you a chapter overview, help with classroom
planning, and offer successful teaching techniques. Find these
videos in the Resources section of the book’s digital platform,
on the TRFD, or by clicking on these links in the Teacher’s Edi-
tion e-book.

* Chapter 2 Bell Ringers The prepared daily bell ringer is a
great tool to help you make good use of the first few min-
utes of class. Designed to be used every day, Chapter 2 bell
ringers are a mix of review topics and a spiraled review of
derivatives. These bell ringers can be a good way to assess if
students need additional help on topics that have been previ-
ously covered.

Note: The number of bell ringers for each chapter aligns
with the number of days suggested in the Calculus AB pac-
ing guide. If you are teaching Calculus BC, you may not
devote as many days to a section. You will have a choice of
bell ringers, in those cases.

« AP® Calculus AB Exam Prep Flashcards Flashcards are
a great tool for students to use in learning the essentials of
calculus. Prepped to be printed and cut into 2 x 3—inch cards,
the flashcards are designed to be used in class or on the
go. Each card is labeled with the chapter number in which
the topic is first introduced so they can be sorted and used
throughout the course as a study aid.

Chapter 2 - The Derivative and Its Properties 2-3
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Chapter 2 Alternate Examples All of the Chapter 2 Alter-
nate Examples are also provided in PDF document format.
Use these as additional examples in class, as the basis for
assessments, or as additional practice for students.

Chapter 2 AP® Calc Skill Builders All of the Chapter 2
AP® Calc Skill Builders are also provided in PDF format.
Use these to provide instant practice of skills that are essen-
tial for success on the AP® Exam.

Chapter 2 Skill Building Worksheets There are printable
worksheets, with solutions, for each section. Each one is
called out at its point of use in the wraparound pages.

Section 2.1 Worksheet 1
Section 2.1 Worksheet 2
Section 2.2 Worksheet 1
Section 2.2 Worksheet 2
Section 2.3 Worksheet 1
Section 2.3 Worksheet 2
Section 2.3 Worksheet 3
Section 2.4 Worksheet 1
Section 2.4 Worksheet 2
Section 2.4 Worksheet 3
Section 2.5 Worksheet 1
Section 2.5 Worksheet 2
Section 2.5 Worksheet 3
Desmos Activities Desmos is a popular and powerful graph-

ing software. There is an original Desmos classroom activity
for this chapter.

Chapter 2 Prepared Tests (Forms A and B) No need to worry
about your students sharing exam information when you have
two parallel versions of a test to use for your various sections or
as a makeup exam. Each test is four pages long and is designed to
be scored a maximum of 50 points, making percentages simple.

Chapter 2 Teacher’s Solutions Manual Complete worked
solutions to every problem in the book are found in the
Teacher’s Solutions Manual, which may be downloaded as a
PDF. The solutions for each set of Section Problems and AP®
Practice Problems as well as for Chapter Review Problems,
AP® Review Problems, AP® Cumulative Review Problems,
and model exams found at ends of chapters are referenced at
point of use in the Teacher’s Edition and may be downloaded
as a smaller chunk of material for ease of use.

Chapter 2 - The Derivative and Its Properties

C

Additional Chapter 2 Resources We have created a list of
third-party videos, Web sites, and other resources to support
the content in this chapter. The Word document includes click-
able URLSs to help you access this external content. (Note: All
of the URLs were live when this book was published.)

ollege Board Resources

College Board has released a number of resources that you might
find helpful as you move through the course. These include Unit
Guides, Personal Progress Checks, a Progress Dashboard, and an
AP® Question Bank. The Course at a Glance page in the course
description provides information about the number and types
of questions on the Personal Progress Checks for each chapter.
Each progress check can be assigned to students to help moni-
tor their progress in mastering course content and contains both
multiple-choice and free-response questions. To gain access to
these resources, you will need to complete your AP® Course
Audit, so if you do not already have a course audit approved, you
should begin the process as soon as possible.

Free-Response Questions from
Previous AP® Exams

Released free-response questions can be found on the AP®
Central Web site:

Calculus AB:

https://apcentral.collegeboard.org/courses/ap-calculus-ab/
exam/past-exam-questions

Calculus BC:

https://apcentral.collegeboard.org/courses/ap-calculus-be/
exam/past-exam-questions

Free-response questions often draw on content that spans more than
one chapter. As students prepare during the year, you can introduce
students to the skills they will need to solve full FRQs on the exam.

As an AP® Calculus teacher, you can gain access to complete

released exams by logging into your Course Audit Account on
the Course Home Page.

AB Calculus:

https://apcentral.collegeboard.org/courses/ap-calculus-ab/course

BC Calculus:

https://apcentral.collegeboard.org/courses/ap-calculus-bc/course

You may want to keep these exams on hand to select multiple-
choice questions related to derivatives to present to students
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for further practice. Likewise, you may want to make a chart
or find some other organizing tool that allows you to quickly
group multiple-choice questions by topic so they may be used at
appropriate times throughout the year.

Here are some free-response questions that you may use in
conjunction with this chapter:

Year  Question Topic

2011 1a Particle motion: Is speed increasing or decreasing?
2011 2a Derivative: Estimating the derivative given data
2011 3a Tangent line: Write the equation of a tangent line.
2011 6a,6b Continuity and derivative of a piecewise function
2012 1a Derivative: Estimating the derivative given data

2012  4a,4b,4c  Derivative, tangent line, continuity

2012  6a Particle motion: When is the particle moving to
the left?
2013  1a Derivative and interpretation

2013 2a,2c,2d  Particle motion: Find where speed = 2; change

directions; speed increasing or decreasing?

2013  3a Derivative: Estimating the derivative given data
2014 1a,1b Average rate of change, derivative and interpretation
2014 4a, 4b Derivative: Estimating the derivative given data

Intermediate Value Theorem

2015 3a,3c,3d  Derivative: Estimating the derivative given data

Derivative from a function, average rate of change

2016 1a Derivative: Estimating the derivative given data
2016 2a,2b Particle motion: Speeding up or slowing down,
change directions
2017 2b Derivative: Derivative on a calculator with explanation
2018  2a,2d Particle motion: Find acceleration, find where
velocities are equal.
2018 4a Derivative: Estimating the derivative given data
2018  5a, 5b Average rate of change
Product rule, tangent line
2019 3a Limit using derivative found from graph
2019  6a, 6b Derivative using product rule

You may also want to direct your students to the following
Khan Academy site. The site has videos with explanations about
how to solve free-response questions from select years:

https://www.khanacademy.org/math/calculus-home/
ap-calc-topic

Chapter 2: Pacing Guides,
Objectives, and Suggested
Assighments

These pacing guides are based on a schedule with 125 standard
45-minute classroom sessions before the exam. This 125-day
course includes assessment days and allows about 3 weeks for
review before the AP® Calculus exam.

The suggested homework assignments list odd-numbered
problems whenever possible, so students can check their
answers against the back-of-the-book answers. If you would
rather students not have access to the answers while doing
homework, adding 1 to the exercise numbers usually will do the
trick, because the homework problems typically are paired. The
answers for the even-numbered problems are not in the Answer
appendix.

The authors observe pairing strictly in the Skill Building
category. The Applications and Extensions usually are paired,
although more advanced problems tend not to be paired. The
AP® Practice Problems are not paired.

Chapter 2 - The Derivative and Its Properties 2-5
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Calculus AB Pacing Guide

Day Topic Sullivan/Miranda Chapter Objectives Suggested Assignment
1 Section 2.1 1. Find equations for the tangent line and the normal line to the graph of a function 7, 11, 15, 17, 23, 27, 31, 33, 43, 51
2. Find the rate of change of a function
3. Find average velocity and instantaneous velocity
4. Find the derivative of a function at a number
2 Section 2.1 1. Find equations for the tangent line and the normal line to the graph of a function Al AP® Practice Problems
2. Find the rate of change of a function
3. Find average velocity and instantaneous velocity
4. Find the derivative of a function at a number
3 Section 2.2 1. Define the derivative function 13,15, 19, 23, 25, 27, 29, 31-34, 35, 39,
2. Graph the derivative function 41,43, 45, 67
3. Identify where a function is not differentiable
4 Section 2.2 1. Define the derivative function All AP® Practice Problems
2. Graph the derivative function
3. Identify where a function is not differentiable
5 Section 2.3 1. Differentiate a constant function 1, 7-37 (odd)
2. Differentiate a power function
3. Differentiate the sum and difference of two functions
4. Differentiate the exponential function y = e*
6 Section 2.3 1. Differentiate a constant function 43, 47, and all AP® Practice Problems
2. Differentiate a power function
3. Differentiate the sum and difference of two functions
4. Differentiate the exponential function y = €*
7 Section 2.4 1. Differentiate the product of two functions 9-15 (odd), 19, 23, 25, 31, 33, 37
2. Differentiate the quotient of two functions
3. Find higher-order derivatives
4. Find the acceleration of an object in rectilinear motion
8 Section 2.4 1. Differentiate the product of two functions 41, 45, 49, 53, 57,67, 73, 81, 83, 91, and
2. Differentiate the quotient of two functions all AP® Practice Problems
3. Find higher-order derivatives
4. Find the acceleration of an object in rectilinear motion
9 Section 2.5 1. Differentiate trigonometric functions 5-23 (odd), 29, 33, 35, 3945 (odd)
10 Section 2.5 1. Differentiate trigonometric functions 55, 57, 65, and all AP® Practice Problems
11 Review Chapter 2 Review Exercises: 1, 5, 11, 19,
27,31, 41, 45, 49, 53, 59, 67, 71
12 Review AP® Review Problems: Chapter 2
13 Test AP® Cumulative Review Problems:
Chapters 1-2
2-6 Chapter 2 - The Derivative and Its Properties
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Calculus BC Pacing Guide

Day Topic Sullivan/Miranda Chapter Objectives Suggested Assignment
1 Section 2.1 1. Find equations for the tangent line and the normal line to the graph of a 11,15, 17,19, 23, 25, 31, 33, 37, 39, 41, 43,
function 47, 51,55, and all AP® Practice Problems
2. Find the rate of change of a function
3. Find average velocity and instantaneous velocity
4. Find the derivative of a function at a number
2 Section 2.2 1. Define the derivative function 5,9, 15,19, 20, 25, 29-34, 35-49 (odd),
2. Graph the derivative function 57, 61
3. Identify where a function is not differentiable
3 Section 2.2 1. Define the derivative function 65, 67, 69, 76, 77, 78, and all AP® Practice
2. Graph the derivative function Problems
3. Identify where a function is not differentiable
4 Section 2.3 1. Differentiate a constant function 1,7,13,19, 21, 25, 31, 33-47 (odd), 53, 61,
2. Differentiate a power function 63, 65, 71, 76, 77, 85, and all AP® Practice
3. Differentiate the sum and difference of two functions Problems
4. Differentiate the exponential function y = e*
5 Section 2.4 1. Differentiate the product of two functions 9,13, 23, 25, 31, 37, 41, 45, 47, 55, 59, 61,
2. Differentiate the quotient of two functions 65,67, 69,77, 83, 91
3. Find higher-order derivatives
4. Find the acceleration of an object in rectilinear motion
6 Section 2.4 1. Differentiate the product of two functions 81, 85, 87, 99, 108, and all AP® Practice
2. Differentiate the quotient of two functions Problems
3. Find higher-order derivatives
4. Find the acceleration of an object in rectilinear motion
7 Section 2.5 1. Differentiate trigonometric functions 1-5, 13, 15, 23, 27, 29, 31, 35, 45, 51, 55,
57,61, 63, 65, 82, and all AP® Practice
Problems
8 Review Chapter 2 Review Exercises: 1, 11,
14-29, 47-53, 65, 67, and all AP® Practice
Problems
9 Test Read 3.1-3.4 after your test to prepare for

classes ahead

Chapter 2 - The Derivative and Its Properties 2-7
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Relationship to the AP® Calculus Curriculum Framework

Chapter 2 aligns with Unit 2 of the fall 2019 updated course
description. Chapter 2 addresses College Board’s new require-
ments listed in the updated course description in the following
ways:

AP® Calculus: The Mathematical
Practices and Suggested Skills

The 2019 course framework brings Mathematical Practices to
the fore. There are now four Mathematical Practices.

Mathematical Practices in Use
in Chapter 2

e Practice 1: Implementing Mathematical Processes (Sections
2.2,2.3,24,and 2.5)
e Practice 2: Connecting Representations (Section 2.1)

¢ Practice 3: Justification (Section 2.2)

¢ Practice 4: Communication and Notation (Section 2.2)

In combination with the Mathematical Practices, Chapter 2
develops many of the AP® Calculus suggested skills for students.

The suggested skills applicable by section are listed in the table
on the facing page by their alphanumeric code.

2-8 Chapter 2 - The Derivative and lts Properties

Suggested Skills in Use in Chapter 1
* Practice 1: Implementing Mathematical Processes (1.D and 1.E)
» Practice 2: Connecting Representations (2.B)

¢ Practice 4: Communication and Notation (4.C)

The Big Ideas for the AP® Course

Course content is grounded in the Big Ideas, which are cross-
cutting concepts that appear throughout the course. There are
now a total of three Big Ideas in AP® Calculus. Chapter 2 focuses
mainly on two of the Big Ideas outlined in the course framework:

* Big Idea 1: Change (CHA) Students will begin to learn
about the rate at which a function changes at an instant. This
is a new concept for students mathematically. In the past,
they have always found an average rate of change of a func-
tion, such as a line. Derivatives allow us to think about how a
quantity is changing at a specific point in time.

* Big Idea 3: Analysis of Functions (FUN) Students will
begin to use derivatives to identify information about func-
tions. Derivatives can help us learn about how a function
behaves, and they allow us to answer questions. We will also
explore how to interpret what a derivative tells us about prob-
lems in context.
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Chapter Coverage Related to Suggested Skills, Learning Objectives,
and Essential Knowledge

AP® Calculus AP® Calculus AP® Calculus Essential
Section  Title Suggested Skills Learning Objectives  Knowledge
2.1 Rates of Change and the 2B CHA-2.A; CHA-2.B CHA-2.A.1; CHA-2.B1
Derivative
22 The Derivative as a 1D CHA-2.B; CHA-2.C; CHA-2.B.2; CHA-2.B.3;
Function; Differentiability CHA-2.D; FUN-2.A CHA-2.B.4; CHA-2.C.1;
CHA-2.D.1; CHA-2.D.2;
FUN-2.A.1; FUN-2.A.2
23 The Derivative of a 4.C FUN-3.A FUN-3.A.1; FUN-3.A.2;
Polynomial Function; The FUN-3.A.3; FUN-3.A.4
Derivative of y = e*
2.4 Differentiating the Product ~ 1.E FUN-3.B FUN-3.B.1; FUN-3B.2

and the Quotient of Two
Functions; Higher-Order

Derivatives
25 The Derivative of FUN-3.A; FUN-3.B; FUN-3.A.4; FUN-3.B.3;
Trigonometric Functions LIM-3.A LIM-3.A.1

Chapter 2 - The Derivative and Its Properties 2-9
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@) Chapter 2 PD Videos

Chapter 2 is supported by two kinds of
professional development videos:
+ Teaching Calculus AB by author

Joshua Newton
+ Teaching Calculus BC by author

Brent Ferguson
These videos give you a chapter overview,
help with classroom planning, and offer
successful teaching techniques. Find these
videos in the Resources section of the
book’s digital platform, on the TRFD, or
by clicking on these links in the Teacher’s
Edition e-book.

This chapter opens by giving the students
some background information on the lunar
module, the spacecraft that enabled the
astronauts to land on the Moon. The project
at the end of the chapter walks the students
through the physics that describes the
trajectory specified by the engineers who
made the trip possible. Students will use
what they have learned in this chapter to
model the motion of this spacecraft.

Chapter 2 Bell Ringers

Bell ringers for Chapter 2 help students
review topics from Chapter 1, prepare
students for lessons by helping them recall
prior knowledge, and include spiraled review
of derivative topics. The review of older
topics is targeted to skills that students

will need to be successful throughout the
chapter. There is a bell ringer for each
instructional day and one for the day that
you review the chapter.

AP® Calc AB Exam Prep
Flashcards

You may want to give your students the AP®
Calc AB Exam Prep Flashcards now so that
they may use them throughout the year.
Have them extract the Chapter 2 cards by
referencing the code in the bottom corner.

Where to Find the
Teacher Resources?

All of the Teacher Resource Materials
listed in the blue pages for this chapter and
referenced through the icons may be found
by clicking on the links in the Teacher’s
e-Book (TE-book), logging into LaunchPad
(password required) go.bfwpub.com/
APCalculus3e, or opening the Teacher’s

Resource Flash Drive (TRFD).
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Its Properties

Rates of Change
and the Derivative

The Derivative as a Function;
Differentiability

The Derivative of a Polynomial
Function; The Derivative of y = ¢*

Differentiating the Product and
the Quotient of Two Functions;
Higher-Order Derivatives

The Derivative of the
Trigonometric Functions

Chapter Project
Chapter Review
AP® Review Problems: Chapter 2

AP® Cumulative Review
Problems: Chapters 1-2

160

Chapter 2 - The Derivative and Its Properties

Unit 2

Differentiation: Definition
and Fundamental Properties

Rolls Press/Popperfoto/Getty Images

The Apollo Lunar Module
“One Giant Leap for Mankind”

On May 25, 1961, in a special address to Congress, U.S. President John F. Kennedy
proposed the goal “before this decade is out, of landing a man on the Moon and returning
him safely to the Earth.” Roughly eight years later, on July 16, 1969, a Saturn V rocket
launched from the Kennedy Space Center in Florida, carrying the Apollo 11 spacecraft and
three astronauts—Neil Armstrong, Buzz Aldrin, and Michael Collins—bound for the Moon.

The Apollo spacecraft had three parts: the Command Module with a cabin for the
three astronauts; the Service Module that supported the Command Module with
propulsion, electrical power, oxygen, and water; and the Lunar Module for landing on the
Moon. After its launch, the spacecraft traveled for three days until it entered into lunar
orbit. Armstrong and Aldrin then moved into the Lunar Module, which they landed in the
flat expanse of the Sea of Tranquility. After more than 21 hours, the first humans to touch
the surface of the Moon crawled into the Lunar Module and lifted off to rejoin the
Command Module, which Collins had been piloting in lunar orbit. The three astronauts
then headed back to Earth, where they splashed down in the Pacific Ocean on July 24.

Explore some of the physics at work that allowed engineers and pilots to successfully maneuver the Lunar
Module to the Moon’s surface in the Chapter 2 Project on page 215.
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AP® EXAM Q4

The derivative is an important concept in
the AP® Calculus curriculum.

2.1

Section 2.7 « Rates of Change and the Derivative

161

hapter 2 opens by returning to the tangent problem to find an equation of the tangent
line to the graph of a function f at a point P = (¢, f(c)). Remember in Section 1.1
we found that the slope of a tangent line was a limit,
.S = flo
Mgy = lim ————
x x—c
This limit turns out to be one of the most significant ideas in calculus, the derivative.

In this chapter, we introduce interpretations of the derivative, treat the derivative as
a function, and consider some properties of the derivative. By the end of the chapter,
you will have a collection of basic derivative formulas and derivative rules that will be
used throughout your study of calculus.

Rates of Change and the Derivative

|
1
1
1
c x x

Figure 1 mg. = slope of the secant line.

Secant
£ qu]incs

Tangent
line

Figure 2 my, =1i
x>

Alternate Examples Section 2.1

You can find the Alternate Examples for
this section in PDF format in the Teacher’s

¢

x x
X3, X

X

fx)— f(e)

X —=c

Resource Materials.

AP® Calc Skill Builders

Section 2.1

You can find the AP® Calc Skill Builders for
this section in PDF format in the Teacher's

Resource Materials.

OBJECTIVES When you finish this section, you should be able to:

1 Find equations for the tangent line and the normal line to the graph of a
function (p. 162)

2 Find the rate of change of a function (p. 163)
3 Find average velocity and instantaneous velocity (p. 164)
4 Find the derivative of a function at a number (p. 166)

In Chapter 1, we discussed the tangent problem: Given a function f and a point P on its
graph, what is the slope of the tangent line to the graph of f at P? See Figure 1, where {1
is the tangent line to the graph of f at the point P = (c, f(c)).

The tangent line ¢z to the graph of f at P must contain the point P. Since finding
the slope requires two points, and we have only one point on the tangent line £7, we
reason as follows.

Suppose we choose any point Q = (x, f(x)), other than P, on the graph of f.
(Q can be to the left or to the right of P; we chose Q to be to the right of P.) The
line containing the points P = (c, f(c)) and Q = (x, f(x)) is a secant line of the graph
of f. The slope mg of this secant line is

mm:w 1)

X—cC

Figure 2 shows three different points Q, Q», and Q3 on the graph of f that are
successively closer to the point P, and three associated secant lines £y, £,, and ¢3. The
closer the points Q are to the point P, the closer the secant lines are to the tangent
line £7. The line ¢7, the limiting position of these secant lines, is the tangent line to the
graph of f at P.

If the limiting position of the secant lines is the tangent line, then the limit of the
slopes of the secant lines should equal the slope of the tangent line. Notice in Figure 2
that as the points Q1, Q», and Q3 move closer to the point P, the numbers x get closer
to ¢. So, equation (1) suggests that

mn = Slope of the tangent line to f at P
S = 1)
x—c

= Limit of as x gets closer to ¢

Sx)— f(e)

X —cC

= lim

x—c

provided the limit exists.

Teaching Tip

Itis possible to teach this section in conjunction
with Section 2.2. In this section, the students
learn the definition of a derivative. They
continue to use this method of differentiation
as they learn about instantaneous rate of
change, tangent lines, and normal lines.

If you are pressed for time, the concepts

of instantaneous rate of change, tangent
lines, and normal lines can be expedited by
addressing them once the students can take

derivatives using the Power Rule in Section 2.3.

Chapter 2 - The Derivative and Its Properties

TEACHING THE LUl

Derivatives are foundational for all of
calculus. Students will use them to
analyze functions and solve related rates
and optimization problems. Students will
reverse the process to find antiderivatives
when solving problems involving integrals
and differential equations. Calculus

BC students will use derivatives to

create Taylor Polynomials. Ensure that
students know that the skills they learn in
Chapters 2 and 3 will be used throughout
the course.

BIG IDEAS jilg

Big Idea 1: Change

In this chapter, students will begin to

think about the rate at which change

is happening at a moment. In previous
courses, students have thought mainly
about the average rate of change as
opposed to an instantaneous rate of
change. This change (in how we're thinking
about change) can be difficult for students
at first but is critical for their understanding
of calculus. As you introduce the idea of

a derivative at a number, talk to students
about what it means for a function to be
changing. It can be helpful to include some
real-world examples of change at an
instant: The speedometer in your car tells
you your speed at an exact instant, or a
stadium manager might want to know the
rate at which fans are arriving 30 minutes
before a game starts to make sure enough
entrances are open to accommodate them.

Teaching Tip
Remind the students of the definition of
slope that they are familiar with when
naming the two points (x4,y1) and (X,,y»):
_Yo=)

X3 —Xq

m

Ask the students to compare this to the
formula for the slope of a secant line.
_ fx)—f(e)

sec — X—C
The only difference between these two
formulas is the way the two points are
named. In this case, the points are named
(c,f(c)) and (x,f(x)).

Then, point out that as point (x, fx)) gets
closer to the point (c, f{c)) (x approaches c),
the slope of the secant line approaches the
slope of the tangent line. Hence the formula:

f(x)=f(c)
X—c

Mign = lim
X—C

161
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AP® CALC SKILL BUILDER
FOR EXAMPLE 1

Finding Equations of the Tangent and
the Normal Line

Find the slope of the tangent line to the

graph of f(x) = x> at ¢ = 1. Write the

equation of the tangent and normal line to

the graph of fat the point (1, 1).

Solution

At ¢ =1, the slope of the tangent line is
()= lim 1210

x—1

x—1

x%—1
= lim

x—1 X —1

(x=1)(x% +x+1)

x—1 (x=1)
= lim(x% +x+1)
x—1
=3
Tangent line:
y—1=3(x-1)
y=3x-2
Normal line:
1
y=1=—(x=1
ot
3

TEACHING THE faialld

On the AP® Calculus Exam, students should
be comfortable writing the equation of a line
in either point-slope or slope-intercept form.
On free-response questions, students can
leave the equation of a tangent or normal
line in any form. Get students in the habit

of leaving lines in point-slope form on free-
response questions and encourage students
to not rewrite them in slope-intercept form.
Rewriting the equation of a line adds more
steps where a student might make a mistake
and lose a point. On the multiple-choice,
answers may be written in slope-intercept
form, so following this practice in your

class can give students a chance to

practice simplification on multiple-choice
questions.

162
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NOTE It is possible that the limit in (2)
does not exist. The geometric significance

| of this is discussed in the next section.

RECALL Two lines, neither of which is
horizontal, with slopes m and m;,
respectively, are perpendicular if and
only if

mp=——
ma

AP® EXAM Qild

Problems on the exam often ask about
the tangent line and the normal line.

RECALL One way to find the limit of a
quotient when the limit of the
denominator is 0 is to factor the
numerator and divide out common
factors.

Teaching Tip

It may help to show the students that the

DEFINITION Tangent Line
The tangent line to the graph of f at a point P is the line containing the
point P = (¢, f(c)) and having the slope

F®—f©

X —cC

@

Mygn = lim
X—=cC

provided the limit exists.

The limit in equation (2) that defines the slope of the tangent line occurs so
frequently that it is given a special notation f’(c), read, “f prime of ¢,” and called
prime notation:

7= tim LD IO )

XxX—c

1 Find Equations for the Tangent Line and the Normal Line
to the Graph of a Function

THEOREM Equation of a Tangent Line

If myu, = f/(c) exists, then an equation of the tangent line to the graph of a
function y = f(x) at the point P = (¢, f(c)) is

h—fo=fOx-0o)

The line perpendicular to the tangent line at a point P on the graph of a function f
is called the normal line to the graph of f at P.

An equation of the normal line to the graph of a function y= f(x) at the
point P = (c, f(c)) is

1
y—f(C)=—m(X—C)

provided f'(c) exists and is not equal to zero. If f’(c) =0, the tangent line is
horizontal, the normal line is vertical, and the equation of the normal line is x =c.

Al Finding Equations for the Tangent Line
c% SOUAEAE ond the Normal Line

(a) Find the slope of the tangent line to the graph of f (x) =x? at the point (-2, 4).

(b) Use the result from (a) to find an equation of the tangent line at the point (-2, 4).

(¢) Find an equation of the normal line to the graph of f at the point (—2, 4).

(d) Graph f, the tangent line to f at (—2, 4), and the normal line to f at (—2,4) on
the same set of axes.

Solution
(a) At the point (—2, 4), the slope of the tangent line is
fO—f(=2) _

2_ (Lo 2y
(=)= lim —tim D i X
r—=-2 x—(=2) r—>-2 x4+2 x—=>-2 x+2

= lim (x—2)=—4
x—>—2

Teaching Tip
Students may wonder why, in calculus, we

equation of the line y —f(c) =f’(c)(x —c) is
of the same form as the familiar point-slope
form of aline: y —y; =m(x—xy).
Because many students are more familiar
with the slope-intercept form than they are
with the point-slope form, a brief review is
worthwhile, since the tangent and normal
lines are so much easier and quicker to
write in point-slope form.

Later, an explicit connection will be made
to yet another form: y = y; + m(x — x) in the
Fundamental Theorem of Calculus.

Chapter 2 - The Derivative and Its Properties

stop saying “perpendicular” and start using a
specific connotation of “normal” as well as a
word likely to be new, “orthogonal.” The word
“perpendicular” describes a 2-dimensional
relationship of lines and tends to be limited.
“Normal” comes from the Latin normalis,
meaning “made according to the carpenter’s
square,” another 2-dimensional measure,
although normal can refer to a point or a
surface. For these reasons, the new term
“orthogonal” starts to take on importance in
describing 3-dimensional relationships.
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NEED TO REVIEW? The point-slope
form of a line is discussed in
Appendix A.3, p. A19.

y=—4x —
Tangent line

Figure 3 f(x)=x2

IN WORDS

® An average rate of change describes
behavior over an interval.

e An instantaneous rate of change
describes behavior at a number.

Section 2.1 « Rates of Change and the Derivative 163

(b) We use the result from (a) and the point-slope form of an equation of a line to
obtain an equation of the tangent line. An equation of the tangent line containing the
point (—2,4) is
y=4=f'(=Dx—(=2)]
y—4=—4.(x+2)
y=—4x—4

Point-slope form of an equation of the tangent line.
f)=4 f(-2)=-4
Simplify.
(¢) Since the slope of the tangent line to f at (—2, 4) is —4, the slope of the normal line
1
to fat(—2,4)is T
Using the point-slope form of an equation of a line, an equation of the normal
line is
4=+
—4="(x
’ 4

Lo
1.9
YT

(d) The graphs of f, the tangent line to the graph of f at the point (—2, 4), and the
normal line to the graph of f at (-2, 4) are shown in Figure 3. m

NETAeI Problem 11 and AP® Practice Problems 1 and 5.

2 Find the Rate of Change of a Function

Everything in nature changes. Examples include climate change, change in the phases
of the Moon, and change in populations. To describe natural processes mathematically,
the ideas of change and rate of change are often used.

Recall that the average rate of change of a function y = f(x) from ¢ to x is given by

Average rate of change = M x#c
x—c

DEFINITION Instantaneous Rate of Change

The instantaneous rate of change of f at c is the limit as x approaches ¢ of the
average rate of change. Symbolically, the instantaneous rate of change of f at ¢ is

i L= 1)
im —————

x—c xX—c

provided the limit exists.

The expression “instantaneous rate of change” is often shortened to rate of change.
. . . . . xX)—Jlc
Using prime notation, the rate of change of f atcis f'(c) = lim M
x x—c

—c

&

Teaching Tip

Consider having the students each draw
the parabola y = x*. Then ask each of them
to determine what values of x will yield a
tangent line with a negative slope, a slope
of zero, and a positive slope. Repeat this
process for y = x°. Discuss.

( SUGGESTED SKILL2B )

Having students draw the graph of a
function as well as the tangent and normal
lines they have found can help reinforce
the idea that different representations

of a function are connected. Graphing

a function and its tangent line can help
students see a connection between the
analytic (algebraic) work they did and the
graphical representation of the function.

5¢.\YdNPX Finding a Rate of Change

Find the rate of change of the function f(x)=x?— 5x at:
(@) c=2
(b) Any real number ¢

Solution
(a) Forc=2,

f@)=x*-5x and  f(2)=2-5-2=-6

AP® CALC SKILL BUILDER
FOR EXAMPLE 2

Finding a Rate of Change

Find the rate of change of the function
f(x)=+/x atc=4.

Solution
The rate of change of fatc=4is
Py = tim TR Vx -2
x—4 x—4 x—4 x—4
1 Vx=2 Jx+2
x4 X—4 X +2
, (x—4)
= lm ———
x4 (x—4)(Vx +2)
= lim !
x—>4\/;+2
1
4

Chapter 2 - The Derivative and Its Properties 163
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Teaching Tip

Consider sharing this analogy with the
students: The average rate of change is
like a speed trap that a police officer might
set up on the road. The instantaneous
rate of change would be equivalent to the
police officer using a radar gun. Suppose
the speed trap consisted of two lines
painted across the road. If there was
enough distance between them, and the
driver realized that she was going too fast,
she would be able to slam on the breaks
and decrease her average speed before
crossing the second line. As the distance
between the two lines decreased, however,
the driver's average rate of change would
approach that of her instantaneous rate of
change at the first line.

164

Figure 4 1 is the travel time. s is the signed
distance of the object from the origin at
time 7.

= 1
® As = £l — flap)
—

St fay s

. A
Figure 5 The average velocity is A—j
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The rate of change of f atc=21is

_ 2 _ _(_ 2 _
@) = lim f(x) f(2)=]im (x S5x)—( 6)=limx 5x+6
x—2 x—=2 x—2 x—=2 x—2 x—2
=) —-3) _
Slim Ty = lim =3 =—1

(b) If ¢ is any real number, then f(c) = ¢? — 5¢, and the rate of change of f at c is
f=f© . (P=5x0)—(*=5) . (=) -5x—0)
= lim = lim
X—=cC

x—c x—c x—c x—c
. (x—ox+o)—-5ux—-¢c) . x—0o)(x+c—-9)

=1lim =lim
x—c x—c x—c x—c

=lim(x+c—5)=2c-5 L
X—=>C

f'(c)=1lim

[NEAE1T Problem 17 and AP® Practice Problem 3.

Finding the Rate of Change in a Biology Experiment

In a metabolic experiment, the mass M of glucose decreases according to the function
M(1)=4.5 —0.031>

where M is measured in grams (g) and ¢ is the time in hours (h). Find the reaction

rate M'(t) att=1h.

Solution
The reaction rate at 1 = 1 is M'(1).
M(@t)—M(1 4.5-0.03t>) — (4.5-0.03
M(1) =1lim (1) ( ):lim( ) —( )
1—1 t—1 t—1 t—1
. —=0.03r24+0.03 . (=0.03)2—1) . (=0.03)(t—D(+1)
=lim =lim =lim
1—1 t—1 1—1 r—1 1—1 t—1
=-0.03-2=-0.06

The reaction rate at t = 1 h is —0.06 g/h. That is, the mass M of glucose atr = 1 h is
decreasing at the rate of 0.06 g/h. m

NI g Problem 43.

3 Find Average Velocity and Instantaneous Velocity

Average velocity is a physical example of an average rate of change. For example,
consider an object moving along a horizontal line with the positive direction to the right,
or moving along a vertical line with the positive direction upward. Motion along a line
is referred to as rectilinear motion. The object’s location at time =0 is called its
initial position. The initial position is usually marked as the origin O on the line. See
Figure 4. We assume the position s at time ¢ of the object from the origin is given by
a function s = f (7). Here s is the signed, or directed, distance (using some measure of
distance such as centimeters, meters, feet, etc.) of the object from O at time ¢ (in seconds
or hours). The function f is usually called the position function of the object.

DEFINITION Average Velocity

The signed distance s from the origin at time 7 of an object in rectilinear motion is
given by the position function s = f (7). If at time #, the object is at so = f(ty) and
at time 7, the object is at s; = f(#;), then the change in time is At =1, —#; and the
change in position is As =s; —so= f(#;) — f(#o). The average rate of change of
position with respect to time is

A fw =1
N

t F#to

and is called the average velocity of the object over the interval [7), #,]. See Figure 5.
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NOTE Here the motion occurs along a
vertical line with the positive direction

downward.
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O\ [JNXY Finding Average Velocity

The Mike O’Callaghan—Pat Tillman Memorial Bridge spanning the Colorado River
opened on October 16, 2010. Having a span of 1900 ft, it is the longest arch bridge
in the Western Hemisphere, and its roadway is 890 ft above the Colorado River.

If a rock falls from the roadway, the function s = f (1) = 16¢> gives the distance s, in
feet, that the rock falls after ¢ seconds for 0 <7 <7.458. Here 7.458 s is the approximate
time it takes the rock to fall 890 ft into the river. The average velocity of the rock during
its fall is

As  f(7.458)— f(0) 890-0

As _ - ~ 119.335 fis
A 7458—0 7458 9-335 s -

[NOTAeI:T4 AP® Practice Problem 7.

The average velocity of the rock in Example 4 approximates the average velocity over
the interval [0, 7.458]. But the average velocity does not tell us about the velocity at any
particular instant of time. That is, it gives no information about the rock’s instantaneous
velocity.

We can investigate the instantaneous velocity of the rock, say, at 1=3s, by
computing average velocities for short intervals of time beginning at r =3. First we
compute the average velocity for the interval beginning at t =3 and ending at t =3.5.
The corresponding distances the rock has fallen are

f(3)=16-3>=144 ft and  f(3.5)=16-3.5>=196 ft

Then At =3.5—3.0=0.5, and during this 0.5-s interval,

Average velocity = As _fGI-f3) 196144
T At 35-3 05

=104 ft/s

Table 1 shows average velocities of the rock for smaller intervals of time.

TABLE 1

Time interval

Start#y=3 End ¢

As _fe)—fo) _ 167 — 144

At it
At~ -t t—3

(3,3.1]

[3,3.01]

[3,3.0001]

3 3.0001

o1 Ezf(3.1)—f(3)=16~3.12—144=97.6
At 31-3 0.1

As  f(3.01)— f3) 16-3.01>—144

Ar . 301-3 0.01

As _ £(3.0001) = f(3) _16-3.0001* — 144

At 3.0000—3 0.0001

0.01 =96.16

0.0001 =96.0016

The average velocity of 96.0016 over the time interval At =0.0001s should be
very close to the instantaneous velocity of the rock at # =3 s. As At gets closer to 0, the
average velocity gets closer to the instantaneous velocity. So, to obtain the instantaneous
velocity at 1 =3 precisely, we use the limit of the average velocity as At approaches 0
or, equivalently, as ¢ approaches 3.

As . fO—fB) . 1662—16-3>  16(t>—9)
m 3 =lim =lim

lim —=1i
Ar—0 At 13 t—

1—3 t—3 =3 t—3

16(t —3)(r+3
—lim 00 =C+3) lim[16(¢ +3)] =96
-3 t—3 -3
The rock’s instantaneous velocity at r =3 s is 96 ft/s.

We generalize this result to obtain a definition for instantaneous velocity.

Chapter 2 - The Derivative and Its Properties

AP® CALC SKILL BUILDER
FOR EXAMPLE 4

Finding Average Velocity
If the position of an object on the x-axis at

o 1
the time tis s(t) = Eat2 + t for a constant

value a, find the average velocity of the
object over the interval 0 <t < 5.

Solution

Since s(5) = %:’:1(5)2 +5= §a+ 5 and

s(0)= %a(O)2 +0=0, the average

velocity on the interval [0, 5] is

Average velocity =
25
—a+5-0
As_s(5)-s(0) _ 2 5.
At 5-0 5 2

(MATHEMATICAL PRACTICES

Practice 4: Communication and
Notation

Part of having proper notation is being
able to identify the correct units that
should be attached to a value. Write the

formula for the average velocity [i—‘:)

and assume the units for s are meters and
the units for t are hours. Ask students what
the units are for As and At. What are the
. AS . AS
units for—7? Recall that lim — =v(f).
Al At—0 At

Ask students what the units are for v(t).
Have them explain why the units for these
values are both the same.

165
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DEFINITION Instantaneous Velocity

( AP® CALC SKILL BUILDER ) If s=f(t) is the position function of an object at time ¢, the instantaneous
As
FOR EXAMPLE 5 velocity v of the object at time 7, is defined as the limit of the average velocity A—;
Finding Velocity as At approaches 0. That is,
John throws a baseball straight up v= lim 25 = jj JO =)
into the air. The ball's height above S0 &0 6=
the ground at any time t is given by IN WORDS provided the limit exists.
— _1p$2 i ® Average velocity is measured over an
h(t)=—16t“+ 48t +5, where h is ErEStE sy
. . Interval or time.
measured in feet and t is measured o Instantaneous velocity is measured at ‘We usually shorten “instantaneous velocity” and just use the word “velocity.”
in seconds. a particular instant of time.
. . D) VA[e]:{§ Problem 31.
(@) Find the velocity of the ballatt=1s.
(b) Using correct units, interpret the SO\ Finding Velocity
meaning of your answer in the
context of the problem. Find the velocity v of the falling rock from Example 4 at:
luti (a) tp=1 s after it begins to fall
0=T45.i .
Solution (b) t9=7.4s, just before it hits the Colorado River
(a) Use the definition of instantaneous (c) Atany time to.
velocity with h(t) = —16t% + 48t +5 Solution
att=1. (a) Use the definition of instantaneous velocity with f(¢) = 16¢> and o= 1.
_ 2_ 2
. As . h(t)—h(1) e tim A5 i SO D) 16716 1607~ 1)
v=lim —t=||mﬁ At—0 At 11 t—1 -1 =1 —1 =1
At—0 Af 1 = _
162148 +5—37 :1irr}wzmq[16(t+l)]:3z
= +40l+0— = - =
= tlm t—1 At 1s, the velocity of the rock is 32 ft/s.
(b) Forfy="74s,
- —16t2+48t—32 ) )
=lm— v= lim E: i f(f)*f(7~4): i 161" — 16 - (7.4)
t—>1 t—1 A0 At 1—74 1 —T4 —74 t—74
—16(t2—3t+2) _ 16[12 — (7.4)%] _ o 160740 +7.4)
=i 7 1—>74 t—74 1574 t—74
t—1 t—1 0 _ _
S 6(t_1)(t_2) = zLH%I 16(t +7.4)] = 16(14.8) = 236.8
=lim # I NOTE Did you know? 236.8 fi/s is more At 7.4 s, the velocity of the rock is 236.8 ft/s.
t—1 — than 161 mi/h!
) _fO = f) 16k —160% 16(t —1) (t +1o)
(c) v=Ilim =lim = lim
= !m [—16(t—2)] =0 t—1 =t t—1 =1y t—ty
_16 =1611Lnll)(t+to) =321
(b) Att=1 s, the ball is traveling up with At 1 seconds, the velocity of the rock is 321 ft/s. m

a velocity of 16 ft/s.

NO)'A"[e]:{ g Problem 33.

4 Find the Derivative of a Function at a Number

Slope of a tangent line, rate of change of a function, and velocity are all found using the
same limit,

f(x)=f(o)
T e

f(c) = lim
x—c c

The common underlying idea is the mathematical concept of derivative.

Section 2.1: Worksheet 1

This two-page worksheet contains 3 problems
that help students see how to move from an
average to an instantaneous rate of change.

166 Chapter 2 - The Derivative and Its Properties
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3.4

y= a2

fla) =2x

Figure 6

Section 2.1 « Rates of Change and the Derivative 167

DEFINITION Derivative of a Function at a Number

If y = f(x) is a function and c is in the domain of f, then the derivative of f at c,
denoted by f'(c), is the number

£/(c) = lim fx) = f(o)

x—c xX—c

provided this limit exists.

DYNY[JNXY Finding the Derivative of a Function at a Number

Find the derivative of f(x)=2x%—3x —2at x =2. That s, find f'(2).
Solution
Using the definition of the derivative, we have

—f2 2x2—3x—2)—0
f(2)=1lim J®) f():h_m(x *—2) fQ2)=2-4-3.2-2=0
x—2 x—2 x—2 x—2
L (x=2)2x+ 1)
=lim ———
x—2 x—2
:lin‘g(2x+l):5 ]

NEWATTI Problem 23 and AP® Practice Problems 2 and 6.

So far we have given three interpretations of the derivative:

o Geometric interpretation: If y = f(x), the derivative f’(c) is the slope of the
tangent line to the graph of f at the point (¢, f(c)).

o Rate of change of a function interpretation: If y= f(x), the derivative f’(c)
is the rate of change of f at c.

o Physical interpretation: If the signed distance s from the origin at time ¢ of
an object in rectilinear motion is given by the position function s = f (), the
derivative f’(1y) is the velocity of the object at time f.

5¢\Y[dNA Finding an Equation of a Tangent Line

(a) Find the derivative of f(x) =+/2x at x =8.
(b) Use the derivative f'(8) to find an equation of the tangent line to the graph
of f at the point (8, 4).
Solution
(a) The derivative of f at 8 is
SO —f@®) V-4  (V2x—4)(V2x +4)
= lim = lim
x—8 Txo8 x—8 Tio8 (x—8)(v2x+4)
f(8)=+2-8=4 Rationalize
’ the numerator.
lim 2x—16 fim 2@ =8 lim 2 !
=i =i = = -
=8 (x — 8)(«/2)( +4) =8 (x — 8)(v2x +4) =8/ 2x+4 4

1
(b) The slope of the tangent line to the graph of f at the point (8, 4) is f'(8) = e Using

£/®)=lim

the point-slope form of a line, we get
y—4=[f'@®)(x-8
1
y—4= Z(X —8)

y—yi=m(x—x1)
!
f'®)= 2
! +2 L
)= —x
Y=
The graphs of f and the tangent line to the graph of f at (8, 4) are shown in Figure 6.
Problem 15 and AP® Practice Problem 4.

Building Calculator Skills

You may want to introduce the students to the
numerical derivative on the calculator. The
function nDeriv will allow the students to use
technology to find the value of the derivative of
any function at any given point. This can help in
checking their solutions in this section. It also
builds up skill early, which can be helpful for the
calculator portion of the AP® Calculus Exam.

Section 2.1: Worksheet 2

This worksheet includes 2 problems that
ask the student to find an equation for the
tangent line to the graph of each function
at a given point and 2 problems that ask
the student to find the derivative of each
function at a given number.

ALTERNATE EXAMPLE
Finding the Derivative of a Function at
a Number
Find the value of the derivative of
f(x)=2x%-3x -2 at x=2 using
technology.

Solution

We use the nDeriv command found in the
math menu.

HORMAL FIXE AUTO REAL RADIAMN HP I'-I

S (2%%-3%-2)| o,
5. 000808

Note that the inputs are nDeriv(function, x,
value to evaluate).

This result confirms the result in
Example 6 obtained by calculating f*(2)
using the definition of the derivative.

AP® CALC SKILL BUILDER
FOR EXAMPLE 7

Finding an Equation of a Tangent Line

The function fis defined on the closed
interval [-2, 5]. The graph of the derivative
y =f9qx) is shown. Suppose the point

(2, 6) is on the graph of f. Find an equation
of the tangent line to the graph of fat

(2, 6).

2, 12)

N
y=f®

Solution

Since f’(2) =12, the slope of the tangent
line to the graph of f at x =2 is 12. Using
the point-slope form of the line, we get

y-f(2)=f"(2)(x-2)
y—6=12(x-2)
y=12x-18

Chapter 2 - The Derivative and Its Properties 167
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FOR EXAMPLE 8

( AP® CALC SKILL BUILDER )

Approximating the Derivative of a
Function Defined by a Table

A pot is filled with water and is then
placed on a hot stove. The temperature of

the water W(f), in degrees Fahrenheit, is a

continuous function of time ¢, in minutes.
Values of W(t) at selected times are given
in the table.

t (o2 4|6
W) | 57 | 88 | 130 | 168

Use the data in the table to estimate
W’(2). Interpret the meaning of your
answer in the context of the problem. Be
sure to include units.

Solution

There are several ways to use these data
to approximate the derivative at 2. We
can use a secant line through the point
corresponding to { = 2.

Using the secant line from 2 to 4, we get

W(4)-W(2) _130-88 _
4-2 4-2

On the AP® exam, students are expected
to use a secant line through points whose
values bracket the point x = 2, that is, the
points through x = 0 and x = 4. Using the
secant line from 0 to 4, we get:

W(4)-W(0) 13057
4-0 4
=18.25
Using this estimate, the rate of increase

of water temperature at t=2 is
approximately 18.25°F/min.

AP® EXAM iy

Derivative problems tend to be presented
to students on the exam in one of three
ways. The student may be given a
function, a graph, or a table and asked to
calculate or estimate a derivative.

W'(Z) © Meee=

W,(Z) ° Mee=

EXAM READINESS

AB: 7, 11,15, 17, 23, 31, 33, 43, 51, and
all AP® Practice Problems

BC: 11, 15,17, 19, 23, 31, 33, 39, 43,
47,51, 55, and all AP® Practice
Problems

( MUST-DO PROBLEMS FOR )

21

_ o e B e

Approximating the Derivative of a Function Defined
EXAMPLE 8 by a Table

The table below lists several values of a function y = f(x) that is continuous on the
interval [—1, 5] and has a derivative at each number in the interval (—1, 5). Approximate
the derivative of f at 2.
x 0 1 2 3 4
fx) 0 3 12 33 72

Solution

There are several ways to approximate the derivative of a function defined by a table.
Each uses an average rate of change to approximate the rate of change of f at 2, which
is the derivative of f at 2.

¢ Using the average rate of change from 2 to 3, we have
fA-f@ 3-12
3—2 1
With this choice, f(2) is approximately 21.

21

¢ Using the average rate of change from 1 to 2, we have
f@-f) _12-3_
2-1 1
With this choice, f(2) is approximately 9.

o A third approximation can be found by averaging the above two approximations.

21+9
Then f'(2) is approximately TJr =15 =

[NOTAeL Problem 51 and AP® Practice Problem 8.

2.1 Assess Your Understanding

Concepts and Vocabulary

1. True or False The derivative is used to find instantaneous 1] 1. fx)= ! at(1,1) 12. f(x)=+/xat4,2)
velocity. x
2. True or False The derivative can be used to find the rate of 13. f(x)= ! at <1, l) 14. f(x)= 2 at (11 3)
change of a function. x+5 6 x+4 5
: (o) i ras - sents
3. The notation f'(c)isread f — of ¢; f(c) represents T 15, o= L at (L 1) 16. f(0)= L a (L D)
the of the tangent line to the graph of /" at the point . NG x?

4. True or False If it exists, lirrg
x—

the function f at 3.
5. If f(x)=6x —3, then f/(3)=

6. The velocity of an object, the slope of a tangent line, and the rate

In Problems 17-20, find the rate of change of f at the indicated
numbers.

17. f(x)=5x—2 at(@)c=0, (b)c=2
18. f()=x>—1 at@c=—1, (byc=1

XZ

is the derivative of

of change of a function are three different interpretations of the 19. f(x)= at(a)c=0, (b)c=1
mathematical concept called the x+3
x
) - 20. x)=—— at(@)c=0, (b)c=2
skill Building fay=goy Al ®
In Problems 716, In Problems 21-30, find the derivative of each function at the given
' number.
(a) Find an equati(?njf)r the tarfgent line to the graph of each 2. fr)=2x+3atl 2. fx)=3r—5a2
function at the indicated point.
(b) Find an equation of the normal line to each function at the 23, f(x)=x?—2at0 24, f(x)=2x+4atl

indicated point.

25. f(x)=3x>+x+5at—1 26. f(x)=2x>—x—Tat —1

(¢) Graph the function, the tangent line, and the normal line at

the indicated point on the same set of coordinate axes. 27, f(x)=JJxat4 28. f(x)= Lz at?2
7. f(x)=3x2at (=2,12) 8. f(x)=x>+2at(—1,3) 5 s ;3
. —JX . X
9. F(x)=xat (=2, —8) 10, F=x+1a(1,2) . fo=" a0 30 f=Zral
Full Solutions to 6. Derivative. 8. (@) y=—-2x+1
Section 2.1 Problems 7. (@) y=—12x-12 x 7
® Practi (b) y=7+7
and AP® Practice 1 73 2 2
Problems (b) y=2x+%

Answers to Section 2.1
Problems

1. True. 2. True.
3. Prime, slope, (c,f(c))
4. True. 5 6

168 Chapter 2 - The Derivative and Its Properties

Fx) = 3x2
fx) =x2 +2

Answers continue on p. 169
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32.

34.

35.

36.

37.

. Approximating Velocity  An object in rectilinear motion
moves according to the position function s(¢) = 10¢2 (s in
centimeters and 7 in seconds). Approximate the velocity of the
object at time 7 = 3 s by letting At first equal 0.1 s, then 0.01 s,
and finally 0.001 s. What limit does the velocity appear to be
approaching? Organize the results in a table.

Approximating Velocity An object in rectilinear motion
moves according to the position function s(1) =5 — 2 (sin
centimeters and 7 in seconds). Approximate the velocity of the
object at time 7o = 1 by letting At first equal 0.1, then 0.01, and
finally 0.001. What limit does the velocity appear to be
approaching? Organize the results in a table.

. Rectilinear Motion As an object in rectilinear motion moves,
its signed distance s (in meters) from the origin after # seconds is
given by the position function s = f (r) = 3> + 4. Find the
velocity v at fp =0. At fp =2. At any time fo.

Rectilinear Motion As an object in rectilinear motion moves,
its signed distance s (in meters) from the origin after # seconds is

given by the position function s = f () =2¢° + 4. Find the
velocity v at 1 =0. At 7o =3. At any time 7.

Rectilinear Motion As an object in rectilinear motion moves,
its signed distance s from the origin at time ¢ is given by the

- . 1 - .
position function s = s (1) = 312 — —, where s is in centimeters
t

and ¢ is in seconds. Find the velocity v of the object at 7o =1
and 1o =4.

Rectilinear Motion As an object in rectilinear motion moves,
its signed distance s from the origin at time ¢ is given by the

position function s = s (¢) = 2+/7, where s is in centimeters and
is in seconds. Find the velocity v of the object at #p =1 and 7p =4.
The Princeton Dinky is the shortest rail line in the country.

It runs for 2.7 miles, connecting Princeton University to the
Princeton Junction railroad station. The Dinky starts from the
university and moves north toward Princeton Junction. Its
distance from Princeton is shown in the graph (top, right), where
the time 7 is in minutes and the distance s of the Dinky

from Princeton University is in miles.

(a) When is the Dinky headed toward Princeton University?
(b) When is it headed toward Princeton Junction?
(¢) When is the Dinky stopped?

(d) Find its average velocity on a trip from Princeton to Princeton
Junction.

—_
o
<

Find its average velocity for the round-trip shown in the
graph, that is, from 7 =0tor=13.

9. (a) y=12x+16
1 49

(b) y= _EX_E
(c)

y=12x+ 16

Section 2.1 « Assess Your Understanding
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s (miles)

“4,2.7) (7,2.7)

Princeton —2.7
Junction
RR station

Princeton —— 0
University

0O 4 7 10 13

17 t (minutes)

38. Barbara walks to the deli, which is six blocks east of her house.

Applications and Extensions

44,

10. (@) y=3x-1

After walking two blocks, she realizes she left her phone on her
desk, so she runs home. After getting the phone, and closing and
locking the door, Barbara starts on her way again. At the deli, she
waits in line to buy a bottle of vitaminwater™, and then she jogs
home. The graph below represents Barbara’s journey. The time ¢
is in minutes, and s is Barbara’s distance, in blocks, from home.

(a) At what times is she headed toward the deli?

(b) At what times is she headed home?

(¢) When is the graph horizontal? What does this indicate?

(d) Find Barbara’s average velocity from home until she starts
back to get her phone.

(e) Find Barbara’s average velocity from home to the deli after
getting her phone.

(f) Find her average velocity from the deli to home.

s (blocks)

Deli — 6 (19, 6)

R 5.0
TN SN 10 15 20 25
0,0) (6,0

t (minutes)

. Slope of a Tangent Line An equation of the tangent line to the
graph of a function f at (2, 6) is y = —3x + 12. What is f'(2)?

. Slope of a Tangent Line An equation of the tangent line of a
1
function f at (3,2)is y= gx + 1. What is f'(3)?

. Tangent Line Does the tangent line to the graph of y = x>
at (1, 1) pass through the point (2, 5)?

. Tangent Line Does the tangent line to the graph of y = x3

at (1, 1) pass through the point (2, 5)?

. Respiration Rate A human being’s respiration rate R
(in breaths per minute) is given by R=R (p) =10.35+0.59p,
where p is the partial pressure of carbon dioxide in the lungs.
Find the rate of change in respiration when p = 50.

. Instantaneous Rate of Change The e i
volume V of the right circular cylinder of
height 5 m and radius » m shown in the
figure is V = V (r) = 5r2. Find the
instantaneous rate of change of the
volume with respect to the radius
when r =3m. LC

Sm

1. (@) y=—x+2

X

12. ==+1
(@) y i
(b) y=—4x+18

Chapter 2 - The Derivative and Its Properties

L
3% 36
215

b) y=36x—""
(b) y=36x 5

13. (@) y=

17. (a) 5
18. (a) -2

19. (a) 0

(b) 5
(b) 2
7

(b) %
5

20. (a) —1 ®) ¢

Answers continue on p. 170
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45. Market Share During a month-long advertising campaign, (a) Use the table to approximate A’(5).
7(4) — ’ _ the total sales § of a magazine is modeled by the (b) Using appropriate units, interpret A’(5) in the context of
21.f (1) =2 2. f (0) =3 function S(x) = 5x 4 100x 4 10,000, where x, 0 < x < 30, the p%obl:;gm? P
sents the number of days since the campaign began.
23 f, 0 — 0 24 f/ 1 — 4 represents tl y: paig g ) . '
( ) ( ) (a) What is the average rate of change of sales from x = 10 52. :h:‘ tal:eAbe‘lovI\«I I‘SI‘S t};:e] Olf:js‘de tempera.turs T,Adecgrecs
74\ — _ 74\ — _ {0 x =20 days? ahrenheit, in Naples, Florida, on a certain day in January,
2. f ( 1) 9 26. f ( 1) 5 . y N for selected times x, where x is the number of hours
1 1 (b) What is the instantaneous rate of change of sales since 12 a.m
27. f/(4)=— 28. f’(2) = —— when x = 10 days? -
()4 () 4 4. D 4E . The d d on f . x 5 7 9 11 12 13 14 16 17
4 - Deman quation e demand equation for an item T(x) 62 71 74 78 81 83 84 8 78
29 f, 0 _ 30 f, 1 _ is p=p(x) =90 —0.02x, where p is the price in dollars
. ( ) == . ( ) - 5 and x is the number of units (in thousands) made. (a) Use the table to approximate T'(11).
(a) Assuming all units made can be sold, find the revenue (b) Using appropriate units, interpret 7'(11) in the context of the
31. As function R(x) =xp(x). problem.
(b) Marginal Revenue Marginal revenue is defined as the

Time interval | At At

additional revenue earned by selling an additional unit. If we 53. Rate of Change  Show that the rate of change of a linear

use R'(x) to measure the marginal revenue, find the marginal function f(x) =mx +b is the slope m of the line y =mx +b.

[3, 31] 01 61 revenue when 1 million units are sold. 54. Rate of Change Show that the rate of change of a quadratic
function f(x) =ax? + bx + ¢ is a linear function of x.

47. Gravity If a ball is dropped from the top of the Empire State

Building, 1002 ft above the ground, the distance s (in feet) it falls 55. Agrlcul.lure The graph rf:presems the dlametler d .
[3 301] 0.01 60.1 of ) ds s 162 (in centimeters) of a maturing peach as a function of the time 7
! after 7 seconds is s (1) = 161°. (in days) it is on the tree.

(a) What is the average velocity of the ball for the first 2 s?

[3 3 001] 0.001 | 60.01 (b) How long does it take for the ball to hit the ground? %\ d
e ' ’ (¢) What is the average velocity of the ball during the time it is E
falling? ,,“5
Velocity appears to approach 60 cm/s. (d) What is the velocity of the ball when it hits the ground? &
32 AS 48. Velocity A ball is thrown upward. Its height / in feet is ‘é;‘i
) ) ) — given by h(r) = 100¢ — 1612, where ¢ is the time elapsed in g
Time interval | At At seconds.
(a) What is the velocity v of the ballat 7 =0s,7=1s, Time (in days)
[111] | o1 | —21 and =47 .
(b) At what time 7 does the ball strike the ground? (a) Interpret the derivative d’(¢) as a rate of change.
(c) At what time 7 does the ball reach its highest point? (b) Which is larger, d'(1) or d'(20)?
[1,1 .01] 0.01 | =2.01 Hint: At the time the ball reaches its maximum height, it is (¢) Interpret both d'(1) and d’(20).
stationary. So, its velocity v =0. 56. Business The graph represents the demand d (in gallons) for
49. Gravity A rock is dropped from a height of 88.2 m and olive oil as a function of the cost ¢ (in dollars per gallon) of the oil.
[1,1 001] 0.001 | —2.001 falls toward Earth in a straight line. In  seconds the rock d
falls 4.9/> m -
. =
Velocity appears to approach —2 cm/s. (a) What is the average velocity of the rock for the first 2 s? %ﬁ d=do)
33. V( ) =4 m/s V( )_ 16 m/S, (b) How long does it take for the rock to hit the ground? »_Lé/
V( ) 6t0 +4 m/s (¢) What is the average velocity of the rock during its fall? %
a

(d) What is the velocity v of the rock when it hits the ground?

34.v(0)= 0m/s v(3)=54m/s,

5 30 ¢

50. Velocity At a certain instant, the speedometer of an automobile

V(to ) m/S . . 1 ) Cost (in dollars per gallon)
385 reads V mi/h. During the next 1 s the automobile travels 20 ft. (@) Interpret the derivative d'(c)
35. V(1 =7 Cm/s V( ) = E Cm/s Approximate V from this information. (b) Which is larger, d'(5) or d’(f;O)‘! Give an interpretation
1 51. A tank is filled wilh.8() lilérs of water at 7 a.m. (f =0). Over the to d’'(5) and d’'(30).
36.v(1)=1cm/s, v(4)=— omys Eives th amountof waes AL (i Her) remaiing i he 7. Volume ofa Cube A mtalcue it cah dgeof ngt
Tank at (selected times ¢, where ¢ measures the number of hours heated. o ) -
37 (a) Tsts 10 and 1 1 st< 13 ertam: (a) Find the average rate of change of the volume of the cube
(b) 0<t<4 t 0o 2 5 7 9 12 with respect to an edge as x increases from 2.00 to 2.01 cm.
A(r) 80 71 66 60 54 50 (b) Find the instantaneous rate of change of the volume of the
(c) 4<t<7and10<t<11 cube with respect to an edge at the instant when x =2 cm.
(d) 0.675 mi/min  (e) 0.415 mi/min
38. (a) 0<t<5and7<t<16
(b) 5<t<6and19<t<25 )
(c) 6<t<7and16<t<19. Barbara 46. () Rlx)=90x=0.02x w(t)=20=%_ 8 _ 3 sing
is stationary,. (b) $50/(thousand units) 7-5 2
(d) 2 block/min 47. (a) 321t/s (b) 7.914's (5,66) to (7,60) s
g (c) =126.618ft/s  (d) =253.235 ft/s (b) A’(£) s approximately between —=
(e) 3 block/min () —1block/min 48. (a) 100 ft/s, 68 ft/s, —28 ft/s and — 3 inclusive.
1 b) 6.25s ¢) 31255 A’(t) is the rate at which the volume
39. -3 40. 3 (b) () of the water in liters is decreasing
4. No 42. No 49. (a) 98 m/s (b) =4.243s over the time in hours.
o o c) =20.789m/s  (d) =41.578 m/s i i
43, R'(50)=0.59 44. V93)=307 m*/m 5 ( ;4 . (d) The volume of water in the tan5k is
. ~o4.0 Ml .
45. (a) 250 sales per day. 1 v 66-71 -5 . decreasing at a rate between 3 and 3
(b) 200 sales per day. - (@) A= 5.2 3 using (2,71) inclusive liters per hour at 12:00 noon.
to (5,66)

Answers continue on p. 171
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AP* Practice Problems

Section 2.2 « The Derivative as a Function; Differentiability 171 _

( Preparing for the AP‘E‘ Exam

163] 1. The line x 4+ y = 5 is tangent to the graph of y = f(x) at the
point where x = 2. The values f(2) and f’(2) are:
@) fO=2f2=-1 @B fO=3%xfQ=-1
© f@=21@=1 D) fQ)=3;f'2=2

. The graph of the function f, given below, consists of three
line segments. Find f’(3).

PiGE

2 4 6 8 10 12 14 16 X
Graph of f

(A) 1

(B) 2

©) 3 (D) f'(3) does not exist

164] 3. What is the instantaneous rate of change of the function
fx)=3x>+5atx =27

A5 B 7T (© 12 (D 17

167] 4. The function f is defined on the closed interval [—2, 16]. The

graph of the derivative of f, y = f’(x), is given below.

LT N
<

PAGE

. If f is a function for which lim
x—>—3

The point (6, —2) is on the graph of y = f(x). An equation of
the tangent line to the graph of f at (6, —2) is

(A) y=3 B) y+2=06(x+3)
©) y+2=6x D) y+2=3(x—-6)

. If x — 3y = 13 is an equation of the normal line to the graph

of f at the point (2, 6), then f'(2) =

13
(D) -3

1 1
A) —— B) - ©) =3
(A) 3 (B) 3 )
fx) = f(=3)
w43
which of the following statements must be true?

=0, then

(A) x = —3is a vertical asymptote of the graph.
(B) The derivative of f at x = —3 exists.

(C) The function f is continuous at x = 3.

(D) f isnot defined at x = —3.

. If the position of an object on the x-axis at time ¢ is 4¢2, then the

average velocity of the object over the interval 0 <7 < 5 is

(A) 5 (B) 20 (C) 40 (D) 100

. A tank is filled with 80 liters of water at 7 a.m. (¢ = 0). Over the

next 12 hours the water is continuously used and no water is
added to replace it. The table below gives the amount of
water A(t) (in liters) remaining in the tank at selected times 7,
where ¢ measures the number of hours after 7 a.m.

t o[ 2[5[7J]9]12]
[ A@) [ 80 [ 71 [ 66 [ 60 | 54 | 50 |

Use the table to approximate A’(5).

2.2 The Derivative as a Function; Differentiability

OBJECTIVES When you finish this section, you should be able to:
1 Define the derivative function (p. 171)

2 Graph the derivative function (p. 173)

3 Identify where a function is not differentiable (p. 175)

1 Define the Derivative Function
The derivative of f at a real number ¢ has been defined as the real number

S ) — fe)
x—

@

f/()=lim

(¢))

provided the limit exists. We refer to this representation of the derivative as Form (1).

, 78-74 4
using (9, 74) and (11,78)

81-78

T’(11)=———=3 using (11,78) and

12-11
(12, 81)

(b) A’(t) is approximately between 2 and 3

inclusive
Ap t

(f) is the rate at which the temperature

is increasing in degrees Fahrenheit
per hour at 11:00 a.m. on a certain
day in January in Naples, Florida.

53. See TSM for proof.

54. /(x) = 2ax +b

)
55. (a) d’(t) is rate of change of diameter

(cm) with respect to time (days).
(b) d’(1)>d’(20)

(c) d’(1) is instantaneous rate of change

of peach’s diameter on day 1 and

of peach’s diameter on day 20.

d’(20) is instantaneous rate of change

56. (a) d’(c)is rate of change of demand as a

function of cost per gallon of olive oil.

(b) d’(30)>d’(5); d”(30) looks slightl
less than 0, so when the price is
$30/gal, the demand goes down a

Chapter 2 - The Derivative and Its Properties

Y

little for every $1 the price goes
up; looks a lot less than 0, so
when the price is $5/gal, the
demand goes down a lot for every
$1 the price goes up.

57. (a) AV 12,060 cm3/em
AX
(b) V’(2)=12cm*/cm

Answers to AP® Practice Problems

© N o ;AW N
o W O O O @

. Answers will vary.

Alternate Examples
Section 2.2

You can find the Alternate Examples for
this section in PDF format in the Teacher’s
Resource Materials.

AP® Calc Skill Builders
Section 2.2

You can find the AP® Calc Skill Builders for
this section in PDF format in the Teacher’s
Resource Materials.
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Teaching Tip

It is possible to teach this section in
conjunction with Section 2.1. If you
are pressed for time, the concepts of
instantaneous rate of change, tangent

lines, and normal lines can be covered in
Section 2.3 by addressing them once the

students can take derivatives using the
Power Rule.

Teaching Tip
This is the definition of a derivative that

students will use most often in the course.

You can use this definition to derive
derivative rules later in the class.

(

SUGGESTED SKILL 1.D

Students should be able to identify the
best procedure to use when they are

presented with a problem. Students have
now been presented with two forms for
finding a derivative. Form 1 is used to find
the derivative of a function at a number,
while Form 2 is used to find the derivative

function. Have a conversation with
students about which form they should
use in different situations so that they

can begin to think about using different

procedures for different problems.

172

(¢ +h, fc+h)
Secant line
(e, f(c)), y =/
Sfle+h) = fle)

¢c 0«<h x=c+h X
C <X

Figure 7 The slope of the tangent line at ¢ is
fle+h)—f()
h

e = i
f'@)= lim

IN WORDS In Form (2) the derivative is
the limit of a difference quotient.

found in Example 1 to Example 2(b) on

NOTE Compare the solution and answer
pp. 163-164.

Chapter 2 « The Derivative and Its Properties

Another way to find the derivative of f at any real number is obtained by rewriting the

expression M and letting x =c +h, h #0. Then
X —

S =f©  fleth—f© fleth)—f©
x—c T (c+h)—c h

Since x = ¢ + h, then as x approaches ¢, i approaches 0. Form (1) of the derivative
with these changes becomes

=lim
h—0

f©=lim f(x;:f(C) f(C+h]Z*f(C)

So now, we have an equivalent way to write Form (1) for the derivative of f at a real
number c.

70 =i LD =T©

—

See Figure 7.

In the expression above for f’(c), ¢ is any real number. That is, the derivative f’
is a function, called the derivative function of f. Now replace ¢ by x, the independent
variable of f.

DEFINITION The Derivative Function f’
The derivative function f” of a function f is

FaHD =70
h

@

/() =lim

provided the limit exists. If f has a derivative, then f is said to be differentiable.

We refer to this representation of the derivative as Form (2).

HY\Y[JNMN Finding the Derivative Function

Find the derivative of the function f(x) = x2—S5xat any real number x using Form (2).

Solution
Using Form (2), we have

fO+m—f0) _ G+ = 5@ )] - (= 5x)
h T 0 h

S =lim

[ 2xh4+h?)—5x —Sh]—x>+5x . 2xh+h>—5h
=lim = lim
h—0 h h—0 h

hQx+h—5
=1im¥=/ﬁr%(2x+h—5):2x—5 .

h—0

[NEOAL T4 AP® Practice Problem 2.

The domain of the function f” is the set of real numbers in the domain of f for
which the limit (2) exists. So the domain of f” is a subset of the domain of f.

We can use either Form (1) or Form (2) to find derivatives. However, if we want
the derivative of f at a specified number ¢, we usually use Form (1) to find f'(c).
If we want to find the derivative function of f, we usually use Form (2) to find f(x).
In this section, we use the definitions of the derivative, Forms (1) and (2), to investigate
derivatives. In the next section, we begin to develop formulas for finding the derivatives.

FOR EXAMPLE 1

( AP® CALC SKILL BUILDER

) Using Form (2),
f(c+h)—f(c)

Finding the Derivative of a Function

at a Number ¢
Find the derivative of the function

f(x) = 2x2 +3x—1at any real number x.

Chapter 2 - The Derivative and Its Properties

' (C):hlino h

i [2(c+h)? +3(c+h)—1]—(2¢% +3c—1)

T 0 h

i 2¢2 +4ch+2h% +3c+3h—1-2¢% — 3¢ +1

T 0 h
_4ch+2h%+3h

=lm—
h—0

= jim SACHEAH3)_ G 4oy 2 43) = do+3
h—0 h h—0

Thus, f’(c) = 4c+ 3 for any real number c.
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Section 2.2 « The Derivative as a Function; Differentiability 173 _

5 ¢\V[JNPA Finding the Derivative Function

Differentiate f(x) = /x and determine the domain of f. (

NOTE The instruction “differentiate f”
means “find the derivative of f."

AP® CALC SKILL BUILDER
FOR EXAMPLE 3

Solution

The domain of f is {x|x > 0}. To find the derivative of f, we use Form (2). Then [nterpreting the Derivative as a

Fy = tim LEFN SO VxR VX Rate of Change
: h—0 h h—0 h q
We rationalise th find the limi The function F models the number of
! ¢ raionalize the numerator to find the fimit. people in a football stadium, in thousands,
£ = Jim | +: Al \/ﬂZ* ﬁ = lm & ”'h) ’i‘[ where tis the number of hours after
ARG (VR4 v3) noon. Which of the following is the best
s f0) =X = Jim - ( \/Tthr ol lim \/T:W N # interpretation of the statement F’(3) = 357
| —> X X —> X X X
The limit does not exist when x = 0. But for all other x in the domain of f, the limit (a) At noon, the. number Of people in the
fo== . . So. the domain of the derivative function 1 1 0 football stadium was increasing at a
oes exist. So, the domain of the derivative function f'(x) = ﬁ is{x|x>0}. m rate of 35,000 people per hour,
2 4 x
' . hIndExarpplefZijnr?ice Fhat theTc‘l}(l)main (}Jlf lhfe];ler}ilvativzfur/lctionhf/ is gp?per st;bset (b) At 3:00 p.m., the number of people in
Figure 8 of the domain of the function f. The graphs of both f and f’ are shown in Figure 8. the football stadium was increasing at
NOW WORK [t REX a rate of 35,000 people per hour.
(c) Atnoon, the number of people in the
1\ [JNEN Interpreting the Derivative as a Rate of Change football stadium was 35,000.
The surface area S (in square meters) of a balloon is expanding as a function of time # (d) At 3:00 p.m., the number of people in
(in seconds) according to S = S(¢) = 5¢. Find the rate of change of the surface area of the football stadium was 35’000
the balloon with respect to time. What are the units of S'(¢)? ( ) = 1l 3:00 h
) e) From noon until 3:00 p.m., the
Solution o _ ‘ number of people in the football
An interpretation of the derivative function S'(7) is the rate of change of S = S(7). q p q
stadium was Increasing atan average
, St A+h)—S@) . 5(t+h)? =52
§'(t) = lim . = lim . Form (2) rate of 35,000 people per hour.
 lim 5(t2 +2th +h?) — 512 Solution
h—0 h a
S 10tk 45K — 52 10th 4+ 5K F’(3) is the rate of change of Fatt=3.
= m h = lim —— Since t= 3 is the time 3 hours after noon,
_ i QOHSR e 0r 45y = 108 F’(3) is the rate of change in the number
h=0h h=0 of people in the stadium at 3 p.m. Since
Shince Sr(t)fizthe limifl okf the quotient of a change in area ii\(/idze/d)b):r;t changefinhlime, F’(3) — 35, the number of people in the
the units of the rate of ¢ ange are square meters per second (m~/s). e rate of ¢ ange W b “
of the surface area S of the balloon with respect to time is 10f m*/s. m Stadllljm I |Ecreast|n39 at a_lr_?]te of 35,000b
people per hour at 3 p.m. The answer is b.
Problem 67 and AP® Practice Problems 10 and 11.
_ . MATHEMATICAL PRACTICES
2 Graph the Derivative Function (
There is a relationship between the graph of a function and the graph of its derivative. Practice 4: Communication and Notation
S@\IIAEN Graphing a Function and lts Derivative You should have students frequently
explain what their answers mean using
Find f” if f(x)=x3—1. Then graph y= f(x) and y= f'(x) on the same set of mathematica”y precise |anguage.
coordinate axes. Students should be able to explain what
the derivative of the function means in the
context of the problem. Many students
have difficulty interpreting what their
answers mean, so be sure to model good
AP® CALC SKILL BUILDER X x+h X=(x+h) explanations for your students, as in the
FOR EXAMPLE 2 i x(x+h) x(x+h) " x(x+h) AP® Calc Skill Builder above.
Finding the Derivative of a Function h—0 h h=0  h
. . 1 . . —-h . —1 —1 ; .
Differentiate g(x) = — and determine the = lim —=lim == Section 22 Works.hee.t 1 .
el f X h~0x(x+h) h n0x(x+h)  x This worksheet contains 2 questions in which
omain ot g-. The limit exists for all x in the domain of g. the students are asked to differentiate the given

Solution

The domain of gis {x|x # 0}. To find the
derivative of g, we use Form (2). Then
g(x+h)—g(x)

h—0 h

©2020 BFW HS Publishers.

Thus, the domain of the derivative function
1.
9’(x)=——is{x|x=0}.
X

function, then graph the function as well as its
derivative on the coordinate planes provided.

Chapter 2 - The Derivative and Its Properties 173
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Section 2.2: Worksheet 2

This worksheet contains 2 questions in
which the students are asked to differentiate
the given function, then graph the function
as well as its derivative on the coordinate
planes provided.

Teaching Tip

Try this activity to help students make a
connection between the graph of a function y
and the graph of its derivative. Ask the 5
students to create 10 coordinate axes in
two rows of five using the same scale.

On the coordinate planes in row 1, have the

J@) =x*—1

students graph the following five equations:
y=1y=x,y=x2y=x3y=x*
On the coordinate planes in row 2, have the
students graph the following five equations:
y=0,y=1y=2x,y=3x%y=4x
Ask them about the slope of each of
the graphs in the first row. The first two

should make sense and help to lead to an
understanding of the other three. Positioning

the graphs above or below one another will
align the values on the x-axis and allow for
easy comparison between the graphs.

Figure 10

e

(=2,3)

y=fx

(=4,-3) 37

ALTERNATE EXAMPLE -4t

Graphing the Derivative Function

(X))
STA 4w

Figure 11
Suppose fis a quadratic function. Which of
the following could be the graph of "?
(@) y
N (c) y
Nl
B e N I |
SENVAEE
(b) y i
\f (d) y
2 1
N
B e I NP Ry
] 7T 2 ax
1 [,]
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Solution
fx)=x>—=1s0
fa4+n=x+h>—1=x4+3mx>+3n%x +h* -1
Using Form (2), we find
SG+h) = fx) _
h

N P33R - — (P —1)
S0=in b h

C3mx? 3% +h . h(3x?+3hx +h?)
= lim = lim

h—0 h h—0 h

= lim (3x% + 3hx + h?) =3x?

The graphs of f and f’ are shown below in Figure 9. m

i) =3¢

Figure 9

N\O)'A"[e]i{ g Problem 19.

Figure 10 illustrates several tangent lines to the graph of f(x)=x3— 1. Observe
that the tangent line to the graph of f at (0, —1) is horizontal, so its slope is 0.
Then f'(0) =0, so the graph of f’ contains the point (0, 0). Also notice that every
tangent line to the graph of f has a nonnegative slope, so f’(x) > 0. That is, the range
of the function f’ is {y|y > 0}. Finally, notice that the slope of each tangent line is
the y-coordinate of the corresponding point on the graph of the derivative f’.

With these ideas in mind, we can obtain a rough sketch of the derivative function f”,
even if we know only the graph of the function f.

S Y\Y[JNAH Graphing the Derivative Function

Use the graph of the function y = f(x), shown in Figure 11, to sketch the graph of the
derivative function y = f'(x).

Solution
We begin by drawing tangent lines to the graph of f at the points shown in Figure 11.

3
See the graph at the top of Figure 12. At the points (-2, 3) and (E’ —2) the tangent

3
lines are horizontal, so their slopes are 0. This means f’(—2)=0 and f’ <5> =0, so

3
the points (—2, 0) and <§ 0) are on the graph of the derivative function at the bottom

of Figure 12. Now we estimate the slope of the tangent lines at the other selected points.

Solution

If fis a quadratic function, we know the function has the
form f(x) = axZ +bx +c, for a, b, ¢ constants. Then

f(x+h)—f(x)

F(x)= lim
h—0 h
im a((x+h)? +b(x+h)+c)—(ax? +bx +c)
0 h
im (ax? +2ahx + ah? + bx + bh+c)—ax? —bx—c
_hAO h
2
= lim w: lim 2ax +ah+b=2ax+b
h—0 h h—0

Thus, f*(x) = 2ax + b, which is the equation of a line. The
derivative of f must be a linear function. The answer is b.

For review purposes only. Do not distribute.



4 y=f

0,-2)

Figure 12

f has a corner
at (0, 0)

Figure 13 f(x)=Ix[;
f7(0) does not exist.
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For example, at the point (—4, —3), the slope of the tangent line is positive and the line
is rather steep. We estimate the slope to be close to 6, and we plot the point (—4, 6) on
the bottom graph of Figure 12. Continue the process and then connect the points with a
smooth curve. m

Notice in Figure 12 that at the points on the graph of f where the tangent lines are
horizontal, the graph of the derivative f” intersects the x-axis. Also notice that wherever
the graph of f is increasing, the slopes of the tangent lines are positive, that is, f’ is
positive, so the graph of f’ is above the x-axis. Similarly, wherever the graph of f
is decreasing, the slopes of the tangent lines are negative, so the graph of f’ is below
the x-axis.

\[)'AYe]:{ |4 Problem 29.

3 Identify Where a Function Is Not Differentiable

Suppose a function f is continuous on an open interval containing the number c. The

function f is not differentiable at the number ¢ if lim M
x> x—c
(of several) ways this can happen are:
L f)=flo . f) = flo)
e lim ———— exists and lim ————

x—c” xX—c x—ct X —=cC

does not exist. Three

exists, but they are not equal.*

When this happens the graph of f has a corner at (¢, f(c)). For example, the
absolute value function f(x) = |x| has a corner at (0, 0). See Figure 13.

The one-sided limits are both infinite and both equal co or both equal —oco.

When this happens, the graph of f has a vertical tangent line at (¢, f(c)).

For example, the cube root function f(x) = \3/)? has a vertical tangent at (0, 0).

See Figure 14.

Both one-sided limits are infinite, but one equals —oo and the other equals co.
When this happens, the graph of f has a vertical tangent line at the point (c, f(c)).

Figure 14 f(x)=Jx;

This point is referred to as a cusp. For example, the function f(x) = x*> has a cusp
at (0, 0). See Figure 15.
y
2
-4 -2 2 40X -4 2 000 2 4 x

f has a cusp
at (0, 0) 5 f has a vertical
tangent line at (0, 0)

x=0 x=0

f has a vertical
tangent line at (0, 0)

Figure 15 f(x)=x?/3,

f(0) does not exist. f(0) does not exist.

SN [JNXY Identifying Where a Function Is Not Differentiable

—2x2+4 ifx<l

Given the piecewise defined function f(x) = { ol ifxs1

determine whether f'(1) exists.

Solution
Use Form (1) of the definition of a derivative to determine whether f'(1) exists.

—fa -2
lim fO=-fM =lim TACY fH=1*+1=2
x—1 x—1 x—=1 x—1
*The one-sided limits, lim S = f© and lim S® = f© , are called the left-hand
roe— X —cC x—c x—c

derivative of f at c, denoted f’ (c), and the right-hand derivative of f at c, denoted f (c),

respectively. Using properties of limits, the derivative f’(c) exists if and only if f’ (c) = fjr (c).

Teaching Tip

Have students explore points where a
function is not differentiable using this
activity. Ask students to draw a coordinate
plane and plot the points (-4, 0), (-2, 0),
(2, 0), and (4, 0). Direct the students to
connect the points with a continuous
function with lines or curves so that at three
of the four points the derivative does not
exist. As an extra challenge, ask them to
use each of the three ways that a derivative
cannot exist: corner, cusp, and vertical
tangent. If they can do that, ask them to try
to do it with three points. Discuss.

Teaching Tip

Have students explore the derivative of
piecewise functions with this activity. Have
the students write down two numbers
between 1 and 5. They may write the
same number twice. Then reveal this list of
functions:

1. Absolute value
2. Sin(x) or cos(x)
3. Parabola

4. Semicircle

5. Constant or linear

The challenge is to use any variety of the
two functions they randomly selected for
themselves and see if they can create a
piecewise function that is differentiable on
its domain. Ask them to share their stories
of success (or lack of success) with the
others in the class.
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_ e Chapter e bt rrovere
If x <1, then f(x) =—2x>+4;if x > 1, then f(x) =x>+ 1. So, it is necessary to
find the one-sided limits at 1.
W oy=x2
ALTERNATE EXAMPLE ARy ot a2 a1
i i lim = lim = lim
Showing That a Function Is Not 5 Sone — 2 e = x—l
P P ope = =D+ .
Differentiable =2 Jim S =2 lim (x+ 1) =—4
Show that g(x) = 2| x + 4| has no derivative - 24— -
g(x)=2|x+4] s/ i SO SO @D =2 DE D
at x =—4. Y g x—>1+ x—1 x—>1+ x—1 x—>1+ x—1 x—>1+
2 (I’z)‘-fhasacomerat(l,Z) f(x)—f(l)
Solution 1 i £'(1) does not exist Since the one-sided limits are not equal, }13} - does not exist, and
The function g is continuous for all real ‘ | \Stope = —4 0 f'(1) does not exist.
numbers and g(—4) = 2|—4+4| =0. Using -2 [-1 1 \2 3 4 x Figure 16 illustrates the graph of the function f from Example 6. At 1, where the

Form (1) of the definition of the derivative to
find the two one-sided limits at —4,

Figure 16 f has a corner at (1, 2).

derivative does not exist, the graph of f has a corner. We usually say that the graph of f
is not smooth at a corner.

INOA1: 1A Problem 39 and AP® Practice Problems 1, 5 and 9.

—g(— 2\x+4|-0
lim g(X) g( 4) = | | Example 7 illustrates the behavior of the graph of a function f when the derivative
x——4=  X—(—4 x——4  X+4 -
- ( ) - at a number ¢ does not exist because lim M is infinite.
_ 2x+4 e xee
= ||m _— —2 CALC - = = n
x——-4~ X+4 ® E2NVIZEHA Showing That a Function Is Not Differentiable
cup
_ Show that f(x) = (x — 2)*" is not differentiable at 2.
o g)—g(4) | 2x+4-0
lim = lm Solution
x>-4t x—(—4)  x>-4"  x+4
v 2 The function f is continuous for all real numbers and f(2)=(2—2)*°>=0. Use
2| X+ 4| 9 3+ Form (1) of the definition of the derivative to find the two one-sided limits at 2.
- = F0) = -2 - )45 )5
x—-4" X+4 T2 lim fo- 1@ = lim «-2 0 = lim «-2 = lim =—00
x—2 x=2 x—>2 x—=2 x—>2- x—2 =2 (x —2)1/3
. . x)—g(—4 . _ oy )
Since im =94 _ , which is 1 fim SO =S@ o GZDTE0 6D L
X——4= X _(_4) -2t x—2 X2 x—2 o2 x— x=2 (x —2)1/3
9(x)-g(-4) 05| prusscusp F@— @) F@ - @
not equal to lim —————= 2, we —1 2.0 fl:“(; COU)SP Since lim —————— = —o0 and lim+ —————— =00, we conclude that the
L ) ’ aer 22 ST x=2 A
o . Fi 17 F/(2) does not exist: th function f is not differentiable at 2. The graph of f has a vertical tangent line at the
conclude that the derivative does not exist pf;r(‘; 0) i{;cus:e:f?;l)e :;fph o:f point (2, 0), which is a cusp of the graph. See Figure 17. m
at —4. The graph has a corner at the point ’ ‘
(_4 O) I\[0)V'A"e]:{'qQ Problem 35.
. ) Obtaining Information about y = f(x) from the Graph
Teachlng Tip \ EXAMPLE 8 of Its Derivative Function
It can be a good idea to familiarize students Suppose y = f(x) is continuous for all real numbers. Figure 18 shows the graph of its
derivative function f’.
, . FOOl -,
with graphs in the form —f . This ) (a) Does the graph of f have any horizontal tangent lines? If yes, explain why and
) ) (X ) ) ) identify where they occur.
graph consists of multlple horizontal line \ ; (b) Does the graph of f have any vertical tangent lines? If yes, explain why, identify
segments. Two examp|es are shown: / 2 ‘ 2 Nx where they occur, and determine whether the point is a cusp of f.
(c) Does the graph of f have any corners? If yes, explain why and identify where
_ |X—1| Figure 18 y = f'(x) they occur.
x—1 Solution
y (a) Since the derivative f’ equals the slope of a tangent line, horizontal tangent lines
3T occur where the derivative equals 0. Since f'(x) =0 for x =—2 and x =4, the graph
24 of f has two horizontal tangent lines, one at the point (=2, f(—2)) and the other at the
1+ o0— point (4, f(4)).
—
-3 -2 -1 12 3 X
2
3 . o
Notice that the function jumps at the zeros of
) f(x). These functions can be useful when
|X —4‘ evaluating limits or asking questions about
y — . .
X2 _4 continuity.
y
3
24
— 14 —
—
-3 -2 -1 12 3 X
 E—]
o4
3
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Section 2.2 « The Derivative as a Function; Differentiability 177

(b) As x approaches 0, the derivative function f’ approaches oo both for x <0 and
for x > 0. The graph of f has a vertical tangent line at x = 0. The point (0, f(0)) is not
a cusp because both limits equal co.

(c¢) The derivative is not defined at 2 but the one-sided derivatives have unequal
finite limits as x approaches 2. So the graph of f has a corner at (2, f(2)). m

D) VAV[e]i{q Problem 45.

Differentiability and Continuity

In Chapter 1, we investigated the continuity of a function. Here we have been
investigating the differentiability of a function. An important connection exists between

> o
NZEDUDSHISNR Geninyliyle continuity and differentiability.

discussed in Section 1.3, pp. 102-110.
THEOREM
If a function f is differentiable at a number ¢, then f is continuous at c.

Proof To show that f is continuous at ¢, we need to verify that lim f(x) = f(c). We
begin by observing that if x # ¢, then ’

. . )= f(©)
fx)—flo= {g (x—0¢)

X—=cC
We take the limit of both sides as x — ¢, and use the fact that the limit of a product
equals the product of the limits (we show later that each limit exists).

lim[f (x) — f(&)] = lim {[7’%‘) - f(c)] (x —c)}: {lim 7]((’2 — f(c)} [lim(x - c)}

X—c x—c c x—c

Since f is differentiable at ¢, we know that
" S &)= f(e)
im-— =
x> x—c

£
is a number. Also for any real number ¢, lim(x —¢) =0. So
x—c

lim(f () = F@1 =L@ [lim(x o] = ) -0=0
That is, lim f(x) = f(c), so f is continuous at c. m

An equivalent statement of this theorem gives a condition under which a function
has no derivative.

COROLLARY
If a function f is discontinuous at a number c, then f is not differentiable at c.

Let’s look at some of the possibilities. In Figure 19(a), the function f is continuous
at the number 1 and has a derivative at 1. The function g, graphed in Figure 19(b), is
continuous at the number 0, but it has no derivative at 0. So continuity at a number ¢
provides no prediction about differentiability. On the other hand, the function & graphed
in Figure 19(c) illustrates the corollary: If & is discontinuous at a number, it is not
differentiable at that number.

IN WORDS Differentiability implies
continuity, but continuity does not imply
differentiability.

[©0.0) x [(0.0) x

(c) his discontinuous at 0,
50 h'(0) does not exist.

(a) fis continuous at 1,
and f'(1) exists.

(b) g is continuous at 0,
but g'(0) does not exist.

Figure 19

Chapter 2 - The Derivative and Its Properties

(MATHEMATICAL PRACTICES

Practice 3: Justification

You should build in activities where
students must write justifications for their
reasoning throughout the course. For
example, ask students if a continuous
function must be differentiable. Have
students draw a function that is
continuous but not differentiable. Have
students write a justification to support
their claim. (If students are having trouble
coming up with an example on their own,
draw the graph of f(x)=| x | on the board
and ask them to write a justification about
why it is continuous but not differentiable.)

AP® EXAM Q4

Even though it is known that differentiability
implies continuity, students must explicitly
make this connection on free-response
questions on the AP® Calculus Exam.

If students are told that a function is
differentiable and want to use a theorem
that requires continuity, students must state
that the function is continuous before using
the theorem.

177
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AP® CALC SKILL BUILDER
FOR EXAMPLE 9

Determining If a Function Is

Differentiable at a Number
2 .

It f(x)=4%=g ! X*8, which of the
8 8

following statements about f are true?

I lim f(x) exists.

x—8

Il. fis continuous at x = 8.
lll. fis differentiable at x = 8.

Solution
I. lis true because
2_
lim £(x) = lim X—=84
X—8 x—8 X—8
_im (x—8)(x+8)
x—8 X—8
= lim x+8=16.
x—8

II. Ilis false because Iimsf(x)¢f(8).
s

lll. 1l is false because f is discontinuous
at x =8 and a discontinuous function
is not differentiable.

AP® CALC SKILL BUILDER
FOR EXAMPLE 9

Determining If a Function Is
Differentiable or Continuous

Let f be a function such that

jim T2+M=12) _ 4 \which of the
h—0 h

following statements must be true?
(@) fis continuous at x = 2.

(b) fis continuous at x = 4.

(c) fis differentiable at x = 2.

(d) fis differentiable at x = 4.

Solution

(@) True. The derivative of fat x=2is 4,
so f must be continuous at x = 2.
A function that is differentiable at a
point is also continuous at that point.

(b) Not enough information. We do not
know if fis continuous at x =4.

(c) True. The limit statement tells us that
the derivative of fat x=2is 4.

(d) Not enough information. We do not
know if fis differentiable at x = 4.

178

178

2x+2
Figure 20 f(x):{ 5

x2—1

if x<3
if x=3
if x>3

¥ if x <0

Figure 21 f(x)= { 2

x* if x>0

ALTERNATE EXAMPLE

Determining Whether a Function Is
Differentiable at a Number

Determine whether the piecewise-defined

function has a derivative at c. If the fu
has a derivative at c, find it.

2 f 1
=1 "Xy
2x—1 if x>1

Solution

Chapter 2 « The Derivative and Its Properties

The corollary is useful if we are seeking the derivative of a function f that we
suspect is discontinuous at a number c. If we can show that f is discontinuous at ¢, then
the corollary affirms that the function f has no derivative at c. For example, since the
floor function f(x) = |x] is discontinuous at every integer c, it has no derivative at an
integer.

Determining Whether a Function Is Differentiable
EXAMPLE 9 JipNtiiee

Determine whether the function

2x 42
f(X)={ 5

x2—1

if x<3
if x=3
if x>3

is differentiable at 3.

Solution

Since f is a piecewise-defined function, it may be discontinuous at 3 and therefore not
differentiable at 3. So we begin by determining whether f is continuous at 3.

Since f(3)=35, the function f is defined at 3. Use one-sided limits to check
whether limz f(x) exists.
X3

lirglﬁ fx)= lir?i(Zx +2)=8 lirgl+ fx)= li[gl+(x2 —1)=8
Since lirgl fo)= li[!‘l f(x),then liné f(x) exists. But 1in§ f(x)=8and f(3)=5,s0 f
X3 x—>3+ x— x—

is discontinuous at 3. From the corollary, since f is discontinuous at 3, the function f
is not differentiable at 3. m

Figure 20 shows the graph of f.

IN\OA"[e]:{|q Problem 43.

In Example 9, the function f is discontinuous at 3, so by the corollary, the derivative
of f at 3 does not exist. But when a function is continuous at a number ¢, then sometimes
the derivative at ¢ exists and other times the derivative at ¢ does not exist.

Determining Whether a Function Is Differentiable
EXAMPLE 10 RN

Determine whether each piecewise-defined function is differentiable at c. If the function
has a derivative at ¢, find it.

(b)g(x):{i:f‘

X if x<0 -0
22 if x=0 7

if x<1

it x>1 =1

(a) f(x) :{

Solution

(a) See Figure 21. The function f is continuous at 0, which you should verify. To
determine whether f has a derivative at 0, we examine the one-sided limits at 0 using
Form (1).

For x <0,
~f© 30
fim LSO 20 e
x—0- X — x—0— X x—0-
For x >0,
— £(0 2_
fim LSO i 0 i o0
x—0t X — x—0t x—0F

Since both one-sided limits are equal, f is differentiable at 0, and f”(0) =0.

For x <1,
— 2_ —
lim f(x) f(1): lim X 1: im (x=1N(x+1)
x—1 xX—1 x—>1 X—1 x—1" xX—1
= lim x+1=2
nction x=1
For x >1,
im f(x)—f(1)= im (2x—1)—1= im 2x -2
=1 x—=1 x—1* Xx—1 =1 X—=1
= lim 2=2
x° 1"

The function f is continuous at 1, which you
should verify. To determine whether f has a
derivative at 1, we examine the one-sided limits
at 1 using Form (1).

Chapter 2 - The Derivative and Its Properties

Since both one-sided limits are equal, f has a
derivative at 1 and f’(1) = 2.
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ez feon Undersmnding 7 _

¥ (b) See Figure 22. The function g is continuous at 1, which you should verify. 5
6T To determine whether g is differentiable at 1, examine the one-sided limits at 1 using 15. f ’( X) = x> 1
o Form (1). 2Jx—1
| Forx <1, 9
r i S =) (=20 —(D) 2= 16. f'(X)=———;x>3
‘ N - =1 x—=1 x—1- x—1 =1 x—1 (X+3)
o ’E/—zn . —tim 207D i c2) =2 , 1
2 =Jm =7 =imED)=- 17. f(x)=g
Figure 22 g(x):{i:ix :? iii Forx > 1, y
g —g) e R G VN ) | 5T 1
lim >¥——"—"=lim ———=1i =1 y=gx+1
x—>1% x—1 x— 1t x—1 =1t x—1 /
1
) —g(D) L
The one-sided limits are not equal, so lirr} s =8l) does not exist. That is, g is not / N 5 X
x— X — S 5
differentiable at 1. m 1) (0.4)
Notice in Figure 21 the tangent lines to the graph of f turn smoothly around the 54

origin. On the other hand, notice in Figure 22 the tangent lines to the graph of g change
abruptly at the point (1, —1), where the graph of g has a corner.

INOA61:Td Problem 41 and AP® Practice Problems 3, 4, 6, and 7.

2.2 Assess Your Understanding

Concepts and Vocabulary

1. True or False The domain of a function f and the domain of its In Problems 17-22, differentiate each function f. Graph y = f (x)
derivative function f” are always equal. and y = f'(x) on the same set of coordinate axes.
2. True or False If a function is continuous at a number c, then it is

differentiable at c.

18. f(x)=—4x-5

17. f(x)= %x +1

3. Multiple Choice 1f f is continuous at a number ¢ and 19. f(x)=2x2—5x 20. f(x)=—-3x2+42
if lim @ =7© is infinite, then the graph of f has 21. f(x)=x>—8x 22. f(x)=—x>-8
x—e X —cC

[(a) a horizontal (b) a vertical (¢) no] In Problems 23-26, for each figure determine if the graphs

represent a function f and its derivative f'. If they do, indicate

tangent line at c. Lo S /
which is the graph of f and which is the graph of f'.

4. The instruction, “Differentiate f,” means to find the of f.

23. 24.

Skill Building

In Problems 5-10, find the derivative of each function f at any real
number c. Use Form (1) on page 171.

5 f(x)=10 6. f(x)=—4 7. f()=2x+3

8. f()=3x—5 9. f(x)=2—x> 10. f(x)=2x2+4

In Problems 11-16, differentiate each function f and determine the
domain of f'. Use Form (2) on page 172.
11. f(x)=5 12. f(x)=-2

13, f(x)=3x24x+5 14, f)=2x2—-x—-7

15. f(x)=5J/x—1 16. f(x)=4vx+3

MUST-DO PROBLEMS FOR
EXAM READINESS

) Answers to Section 2.2 Problems

1. False. 6. 0
AB: 13, 15, 19, 23, 25, 29, 31-34, 35,® 2. False. 7.2
39, 4?,43, 45,47, 67, and all AP 3. (b) Vertical. 8. 3
Practice Problems o
BC: 15, 19, 20-45 (odd), 49, 65, 67, 69, 4. Derivative. 9. 2
and all AP® Practice Problems 5.0 10. 4c
11. f’(x)=0; all real numbers.

. . Answers continue on p. 180
Full Solutions to Section 2.2

Problems and AP® Practice Problems

=0; all real numbers.

x)=6x+1, all real numbers.

)
)
13. f/(x)
)

14, f’(x)=4x—1; all real numbers.

Chapter 2 - The Derivative and Its Properties 179
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23.
24,

25,

26.
27.

28.

31.
32,
33.
34,

35.

36.
37.
38.
39.
40.

41.

42,
43.

180

Not a graph of fand f”.
Graph of f (blue curve) and f*
(green curve).
Graph of f (blue curve) and f*
(green curve).

Not a graph of f and f”.
y
T ov=w
2]
AT verw
S B e
-3 -2 7]710 12 3 X
S
]
y =10

=

N
NV\_,

Q

o

@

w

>3

Q

=

@

=.

(2]

2

In Problems 27-30, use the graph of f to obtain the graph of f'.

27. 28.
y
4
y =fx)
=g B — 3 av
-2 -2
—4 —4

PAGE

176

PAGE

176

In Problems 31-34, the graph of a function f is given. Match each

graph to the graph of its derivative f' in A-D.
32.

PAGE

179

PG

178

y
Wl
4 .
| ’ L
21 y=f') ‘ v =1
[ \ -4 2 2 4x
-2 2\ 4 X
Ll
Sl
4l
(©) D)

In Problems 3544, determine whether each function f has a
derivative at c. If it does, what is f'(c)? If it does not, give the

reason why.

35, f(x)=x’Pate=-8

37. f(x)=|x>—4latc=2

36. f(x)=2x"3atc=0

38. f(x)=|x>—4latc=—-2

2x+3 if x<1
39. f(x)= atc=1

X244 if x>1

40, 1 3—4x if x< -1
SRR PR
. 1
—4+42x if xfi
41. f(x)= |
4x? — if x>—
2

2. fo) 2x2 if x<-—1
s = it x>-1

22241 if x<-—1

43. f(x)=

242x if x>=-1

atc=—1
1
atc=—
2

atc=—1

X 5—2x if x<2
M. f(x)= n atc=2
X

In Problems 45—48, each function f i.

s continuous for all real

numbers, and the graph of y = f'(x) is given.

(a) Does the graph of f have any horizontal tangent lines? If yes,
explain why and identify where they occur.

(b) Does the graph of f have any vertical tangent lines? If yes,
explain why, identify where they occur, and determine whether

the point is a cusp of f.

(¢) Does the graph of f have any corners? If yes, explain why and

identify where they occur.

y y
44 44 177] 45. 46.
] & . L
! 1 [y
1 1 1
? ’ 70 \/ T L
| 21 I 27
t + | |
R 5 4 x -4 -2 2 4 x ! ! 1
—° Il - R
] 2 -4 2 2 A -4 -2 2 X
=1 T ! ! 1
2\ ! e
—4 —4 1 I I ]
1 1
*») ) AT 1

44. f’(2) does not exist.

45. (a) Yes,atx=0and x=4.
(b) Yes,acuspatx=2.
(c) Yes,atx=-2.

Chapter 2 - The Derivative and Its Properties

46. (a) Yes,atx=—4and x=0.

(b) Yes, acuspatx=-2.
(c) Yes, atx =2, acorner.
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In Problems 49 and 50, use the given points (c, f(c)) on the graph of

the function f.

(a) For which numbers c does lim f(x) exist but f is not continuous
atc? e

(b) For which numbers c is f continuous at ¢ but not differentiable
atc?

In Problems 51-54, find the derivative of each function.
51. f(x)=mx+b 52. f(x):uxz+bx+c
1 1
53. fo)=— 5. fo)=—
7

x2 x

Applications and Extensions

In Problems 55-66, each limit represents the derivative of a function f
at some number c. Determine f and c in each case.

2_ 3_
55, fim 21X =4 s6. fim 2FM° =8
h—0 h h—0 h
2 _ 4
57, fim ! 58, fim !
=1 x—1 x—1 x—1
gyl 13_o
59, 1im Y2173 60. fim BFM =2
h—0 h h—0 h
. 1 2
sinx — — COSX — ——
61. lim — 2> 62. lim 2
x—7/6 x—z x—>7/4 x—z
4
2x+2)% — (x+2) — 3o
63. lim w 64. lim 3)(7)”
x—0 X x—0 X
h2 423 +h) —1 h—1)24h—
65, lim O HCEM NS oy, 3= =3
h—=0 h h—0 h

67. Units The volume V (in cubic feet) of a balloon is expanding
according to V = V(1) =4, where 1 is the time (in seconds).
Find the rate of change of the volume of the balloon with respect
to time. What are the units of V'(¢)?

47. (a) Yes,atx=-2,x=1,x=2.
(b) Yes, atx =—1, nota cusp.
(c) Yes,atx=0.
48. (a) Yes,atx=-2,x=0,andx =2.
(b) Yes, atx =1, not a cusp.
(c) Yes,atx=-1.
49. (a) -2 and 4
(b) 0,2,6
50. (a) —1
(b) 2,4

©2020 BFW HS Publishers. Pages not final. For review purposes only. Do not distribute.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.
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Units The area A (in square miles) of a circular patch of oil is
expanding according to A = A(r) = 2¢, where 7 is the time (in
hours). At what rate is the area changing with respect to time?
What are the units of A’(1)?

Units A manufacturer of precision digital switches has a daily
cost C (in dollars) of C(x) = 10,000 + 3x, where x is the number
of switches produced daily. What is the rate of change of cost with
respect to x? What are the units of C’(x)?

Units A manufacturer of precision digital switches has daily

2
2000°
number of switches produced daily. What is the rate of change of
revenue with respect to x? What are the units of R'(x)?

3 .
f(X):{XZ if x<0
x

if x>0
(a) Determine whether f is continuous at 0.
(b) Determine whether f7(0) exists.
(¢) Graph the function f and its derivative f’.
2x if x<0

For the functi (x) =
or the function f(x) {xz i 120

revenue R (in dollars) of R(x) =5x — where x is the

(a) Determine whether f is continuous at 0.
(b) Determine whether f7(0) exists.
(¢) Graph the function f and its derivative f'.

Velocity The distance s (in feet) of an automobile from the
origin at time 7 (in seconds) is given by the position

function
3 if 0<r<5
s=s(t)= .
125 if =5

(This could represent a crash test in which a vehicle is accelerated
until it hits a brick wall at t =5's.)

(a) Find the velocity just before impact (at 1 =4.99 s) and just
after impact (at 1 =5.01 s).

(b) Is the velocity function v =s’(¢) continuous at t =5?

(¢) How do you interpret the answer to (b)?

Population Growth A simple model for population growth
states that the rate of change of population size P with respect to
time ¢ is proportional to the population size. Express this
statement as an equation involving a derivative.

Atmospheric Pressure Atmospheric pressure p decreases as
the distance x from the surface of Earth increases, and the rate

of change of pressure with respect to altitude is proportional to
the pressure. Express this law as an equation involving

a derivative.

Electrical Current Under certain conditions, an electric
current / will die out at a rate (with respect to time 7) that is
proportional to the current remaining. Express this law as an
equation involving a derivative.

Tangent Line Let f(x) =x2+ 2. Find all points on the graph
of f for which the tangent line passes through the origin.

. Tangent Line Let f(x)=x?—2x + 1. Find all points on

the graph of f for which the tangent line passes through the
point (1, —1).

51. f’(x)=m
52. f’(x)=2ax+b
) 2
3. 1'x)=—=
54. f'(x)= !
=g
55. f(x)=x%c=2
56. f(x)=x%c=2
57. f(x)=x%c=1

62.

63.
64.
65.
66.
67.
68.
69

70
7.

72

73.

74.
75.
76
7.
7

o =~

T
f(x)=sinx,c=—
(x) 5

T
f(x)= ,C=—
(x)=cosx,c 2
f(x)=2(x+2)* —(x+2),¢

x) = 3; dollars/switch

1000
(a) Continuous at 0.

(b) /(0)=0
(c)

(a) Continuous at 0.
(b) f7(0) does not exist.

(a) s7(4.99)=74.7003 ft/s;
s’(5.01)=01t/s

(b) Not continuous.
(c) Answers will vary.
P’(t) = kP for some k.
p’(x)=—kp, k>0
I'(ty=kl, k<0
(~/2,4) and (—/2,4)
(0, 1) and (2, 1)

Chapter 2 - The Derivative and Its Properties
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79. (a) 27r(°ri+ m(°r)?
(b) 27°r
(¢) 2mr+m Ar
(d) 27
(e) 27

80. (a) 47r?(°ri 4mr(°r)>+ %n(" r)3

(b) 47mr? +4mr(Ar)+ %7:(Ar)2

(c) 4mr?

81. lm f/(x)=—121= lm f9x)
x—0" x—0"

82. tim =0 _
x=0 x-=0
See TSM for proof.
See TSM for proof.
. (a) Parallel.

(b) Perpendicular.
86. (a) and (b) See TSM for proofs.
87. (a) k=4

(b) f/(3)=12

(c) f'(x)=4x
. See TSM for proof.

83
84.
8

(3 -5

(=1

8

(=]

Answers to AP® Practice Problems

@ > O W O O >» W O

S © ® N G AW N =S

—_

. (a) G’(5)=—-30

(b) At 5:00 a.m., oil is leaking out of
the tank at the rate of 30 gal/h.

1. (a) -3

(b) 8 cm from the heated end,
the temperature of the rod is

changing at the rate of —3°C/cm.

182

©2020 BFW HS Publishers. Pages not final

PG

172

3. If f(x) =
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79.

80.

81.

82.

83.

84.

AP* Practice Problems

176| 1. The function f(x) = -
. The function f(x) =
176 : ax+b

2.

Area and Circumference of a Circle A circle of radius r has
area A =772 and circumference C = 27, If the radius changes
from r to r + Ar, find the:

(a) Change in area.
(b) Change in circumference.
(c

(d) Average rate of change of circumference with respect to
radius.

<

Average rate of change of area with respect to radius.

(e

<

Rate of change of circumference with respect to radius.

Volume of a Sphere The volume V of a sphere of radius r
is V= nTW If the radius changes from r to r + Ar, find the:
(a) Change in volume.

(b) Average rate of change of volume with respect to radius.
(¢) Rate of change of volume with respect to radius.

Use the definition of the derivative to show that f(x) = |x| is not
differentiable at 0.

Use the definition of the derivative to show that f(x) = % is not
differentiable at 0.

If f is an even function that is differentiable at ¢, show that its
derivative function is odd. That is, show f'(—c) = —f(c).

If f is an odd function that is differentiable at ¢, show that its
derivative function is even. That is, show f'(—c)= f’(c).

Challenge Problems

85. Tangent Lines and Derivatives Let f and g be two functions,

each with derivatives at c. State the relationship between their
tangent lines at ¢ if:

@ f'(©)=¢g() () fo)=— g #0

L
g'(c)

86. Let f be a function defined for all real numbers x. Suppose f has

the following properties:

flu+v)=f)f@) fO)=1 £/(0) exists

(a) Show that f(x) exists for all real numbers x.
(b) Show that f'(x) = f'(0) f(x).

87. A function f is defined for all real numbers and has the following

three properties:

f=5  fG)=21  fla+b)— f(a)=kab+2b

for all real numbers a and b where & is a fixed real number
independent of @ and b.

(a) Usea=1andb=2to find k.
(b) Find f'(3).
(¢) Find f'(x) for all real x.

88. A function f is periodic if there is a positive number p so

that f(x 4 p) = f(x) for all x. Suppose f is differentiable. Show
that if f is periodic with period p, then f is also periodic with
period p.

( Preparing for the AP'E‘ Exam

if x<1
) ,where a and b
if x>1

are constants. If f is differentiable at x = 1, thena + b =

(A) -3 B) -2 ©) 0 (D) 2

The graph of the function f, given below, consists of three line

fB@+hm—f3)
—

segments. Find lim
h—>0

(%) 5-

2 3
@ -1 ® 3 ©) —3 (D) does not exist
225
T2 i x5
x=5

3 if x=5

which of the following statements about f are true?

Chapter 2 - The Derivative and Its Properties

(i) 4

I lim f exists.
x5
II. f is continuous at x = 5.
IIL. £ is differentiable at x = 5.
(A) Tonly (B) IandII only
(C) Iand III only (D) L, 11, and IIT
Suppose f is a function that is differentiable on the open

interval (=2, 8). If £(0) =3, f(2) = —3,and f(7) =3,
which of the following must be true?

I. f has at least 2 zeros.
II. f is continuous on the closed interval [—1, 7].
III. Forsomec,0 <c <7, f(c) =-2.
(A) Tonly (B) IandII only
(C) II'and III only (D) L 1I, and IIT
If f(x) = |x|, which of the following statements
about f are true?
I. f is continuous at 0.
II. f is differentiable at 0.
III. f(0) =0.
(A) Tonly
(C) Iand III only

(B) III only
(D) I 1L and III

. For review purposes only. Do not distribute.
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The graph of the function f shown in the figure has horizontal 8.

tangent lines at the points (0, 1) and (2, —1) and a vertical

At what point on the graph of f(x) = x> — 4 is the tangent line

parallel to the line 6x — 3y = 2?

tangent line at the point (1, 0). For what numbers x in the open

interval (—2, 3) is f not differentiable? @ 1,=3 B 1.2 © 20 O 29
4dx+1 if x<2
y 9. Atx = 2, the function f(x) = is
4 3x2-3 if x>2
(A) Both continuous and differentiable.
2 (B) Continuous but not differentiable.
(C) Differentiable but not continuous.
2\ 2/ =x (D) Neither continuous nor differentiable.
—2 10. Oil is leaking from a tank. The amount of oil, in gallons, in the

(A) —1 only
(C) —1,0, and 2 only

Let f be a function for which ’llm})

‘Which of the following must be true?
I. f is continuous at 1.

II. f is differentiable at 1.

III. f’is continuous at 1.

(A) Tonly (B) II only

(C) TandIlonly (D) III, and III

(B) —1and 1 only
(D) —1,0,1,and 2

1+h) —f1 e
w:,g' 11.

tank is given by G (1) = 4000 — 312, where t,0 <t < 24 is the

number of hours past midnight.

(a) Find G'(5) using the definition of the derivative.

(b) Using appropriate units, interpret the meaning of G’(5) in
the context of the problem.

A rod of length 12 cm is heated at one end. The table below

gives the temperature 7 (x) in degrees Celsius at selected

numbers x cm from the heated end.

‘IT)(Cx)[SO[7l[6

[oT2T>5T7]9 ]
[ 60 [ 5450 ]

(=)

(a) Use the table to approximate 7”(8).
(b) Using appropriate units, interpret 7”(8) in the context of the
problem.

2.3 The Derivative of a Polynomial Function;

The Derivative of y = e*

Alternate Examples Section 2.3

You can find the Alternate Examples for
this section in PDF format in the Teacher’s

Resource Materials.

OBJECTIVES When you finish this section, you should be able to:
1 Differentiate a constant function (p. 184)

2 Differentiate a power function (p. 184)

3 Differentiate the sum and the difference of two functions (p. 186)
4 Differentiate the exponential function y =¢* (p. 189)

Finding the derivative of a function from the definition can become tedious, especially if
the function f is complicated. Just as we did for limits, we derive some basic derivative
formulas and some properties of derivatives that make finding a derivative simpler.

Before getting started, we introduce other notations commonly used for the
derivative f/(x) of a function y = f(x). The most common ones are

d
2 prw
dv dx
Leibniz notation d—} may be written in several equivalent ways as
X
dy d d
i Ef (x)

where I is an instruction to find the derivative (with respect to the independent
X

variable x) of the function y = f(x).

In operator notation Df (x), D is said to operate on the function, and the result
is the derivative of f. To emphasize that the operation is performed with respect to the
independent variable x, it is sometimes written Df (x) = D, f(x).

We use prime notation or Leibniz notation, or sometimes a mixture of the two,
depending on which is more convenient. We do not use the notation Df (x) in this book.

AP® Calc Skill Builders
Section 2.3

You can find the AP® Calc Skill Builders for
this section in PDF format in the Teacher's
Resource Materials.

Chapter 2 - The Derivative and Its Properties

Teaching Tip
Make connections between students’
understanding of slope and the naming
conventions for the derivative.

/4

ax
This (“derivative of y with respect to x”) is

equivalent to saying small change in y over
small change in x, which is the slope.

a4
ax y
. i dy .
This means the same thing as d—, yet it
X

can be read as an instruction. Take the
derivative with respect to x of y.

L fx)

dx
This also means the same thing as d_y yet it
specifically names the function that we wish
to differentiate (“the derivative with respect
to x of f(x)").

( SUGGESTED SKILL 4.C

)

In an AP® Calculus course, students should
always use correct notation. To help students
learn how to correctly write mathematical
statements, ensure that you are using proper
notation whenever you model work for
students. It can also be helpful to regularly

use different notations (such as ¥ or Z—i/)

so that students feel comfortable seeing
and using both.

183
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COMMON ERRORS & MISCONCEPTIONS

Once students learn the derivative rules,
they sometimes forget that w and e are

constants. For example, %(ﬂ'z) =0, not 2rr.

Teaching Tip

When you are teaching students derivative
rules in Chapters 2 and 3, work through

the proof of each rule on the board with
students when it is introduced. This will help
students get practice with the limit definition
of a derivative and help them to see how
the rules they are learning are connected to
the definition of a derivative they learned in
Section 2.1.

Teaching Tip

If you took an abbreviated approach with
Sections 2.1 and 2.2 and focused only on
using the definition of a derivative to find

the derivative of a function, remember to

introduce the terminology “instantaneous
rate of change” as the students learn the
derivative rules.

AP® EXAM Q4

Derivative questions often appear in

the multiple-choice section of the AP®
Exam. Approximately three or four of the
multiple-choice questions tend to come
directly from this chapter. Students will
be prepared for all multiple-choice
derivative questions upon the completion
of Chapter 3.

184 Chapter 2 « The Derivative and Its Properties

y 1 Differentiate a Constant Function

See Figure 23. Since the graph of a constant function f(x)=A is a horizontal line,
the tangent line to f at any point is also a horizontal line, whose slope is 0. Since the
derivative is the slope of the tangent line, the derivative of f is 0.

>

Slope = 0

THEOREM Derivative of a Constant Function
If f is the constant function f(x) = A, then

Figure 23 f(x)=A

That is, if A is a constant, then

d
A=0

IN WORDS The derivative of a constant
is 0.

Proof If f(x)= A, then its derivative function is given by

h) — A—-A
£ = tim LEED 2@ -0
4 h—0 h 1 h—=0 h
The definition of a fx)=A
derivative, Form (2) fx+h)=A L]

Y\ [JIWN Differentiating a Constant Function
(@) If f(x)=+/3, then f'(x)=0 (b) If f(x)= —%, then f/(x)=0

d d
(¢) If f(x)=m,then —7 =0 (d) If f(x)=0,then —0=0 ]
dx dx

2 Differentiate a Power Function
Next we analyze the derivative of a power function f(x) =x", where n > 1 is an integer.
When n =1, then f(x)=x is the identity function and its graph is the line y =x,
as shown in Figure 24.
The slope of the line y =x is 1, so we would expect f'(x) =1.

oov_od o fa+h)—fx) . G+ -x . h
Figure 24 f(x)=x Proof f = =i ™ A !
fx)=x,f(x+h)=x+h (]
THEOREM Derivative of f(x) =x
If f(x)=x, then
d
! ===
fx) sy

When n =2, then f(x) =x is the square function. The derivative of f is

d h)* —x* 24 2hx +h? —x2
f’(x)=d—x2=llin'6(x+ ) —x T s d
X h—>

h h—0 h

h(2x +h)

=lim ————
h—0

=llin}'(2x +h)=2x

The slope of the tangent line to the graph of f(x)=x? is different for every
number x. Figure 25 shows the graph of f and several of its tangent lines. Notice that
the slope of each tangent line drawn is twice the value of x.

v/
-2 2 4 X
f10)=0

Figure 25 f(x) =x?

COMMON ERRORS & MISCONCEPTIONS

Students sometimes confuse functions of
the form y = x" with y = a*. For example,

y = x* can be differentiated using the Simple
Power Rule, whereas y = 4* is exponential,
so the Simple Power Rule does not apply.
The Simple Power Rule only applies to
functions of the form y = x".

184 Chapter 2 - The Derivative and Its Properties
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When n =3, then f(x) =x7 is the cube function. The derivative of fis

AP® CALC SKILL BUILDER
, . x+h)?—x3 X34 3x2h 4 3xh P+ R — X3
£ =tim CEZE iy : ( FOR EXAMPLE 2
2 2 q et 9
i PO IR 3 ek i) =30 Differentiating a Power Function
" " e Find each derivative
Notice that the derivative of each of these power functions is another power d 3
function, whose degree is 1 less than the degree of the original function and whose (a) d_XX
coefficient is the degree of the original function. This rule holds for all power functions
as the following theorem, called the Simple Power Rule, indicates. (b) d 4
—X
dx
IN' WORDS The derivative of x raised to THEOREM Simple Power Rule
an integer power n > 1 is n times x . . . n g 5 g d 7
raised to the power 1 — 1. The derivative of the power function y =x", where n > 1 is an integer, is (c) &X
/ n n—1
V' =—x"=nx
dx d 18
(d) d_xx
NEED TOvREVIEW? The Binomial Proof If f(x)=x" and n is a positive integer, then f(x +h) = (x +h)". We use the .
The%er;gls discussed in Section P8, Binomial Theorem to expand (x + /). Then Solution
pp. 72-73.
3 2
- —Dn— a) —x°=3x
fa+n=x+hn"=x"+nx"""h+ n(nTl)x”’zhz-ﬁ— W}c"’%}-k e nxh" T n" ( ) ax
d
von e SR — f(x) — x4 =4x3
)= fim, n (b) ax
{x” " M =1 2y n nn— lg(n =2 ao3yp B +hn:| e 1X7 _ 7,6
= pm, h (©) ox
_ —Dn— d
nx"~'h 4 nin ])x”’zthr n— D 2))c""zh3 + o nxh" 4 p" —X18 = ']8)(17
_ 2 6 - (d) gy
= lim Simplify.
h—0 h
h I:nxn—l n n(n; l)xn—2h+ n(n — lé(n 72)x”73h2+ +nxh”’2+h”*1}
=lim Factor h in the numerator.
h—0 h
:Ilim |:nx” -4 n(nz— l)x"fzh + e = Din = 2))6" h24 x24T 1} Divide out the common k.
=nx""! Take the limit. Only the first
term remains. ™
NOTE d%x” =nx""!is true not only 3¢\ [JNWN Differentiating a Power Function GRAPHING CALCULATOR
for positive integers n but also for any real (a) ixs — 55t (b) If g(x) =x'0, then g'(x) = 10x° - PRACTICE
number n. But the proof requires future dx ’ '
results. As these are developed, we will Use your calculator to find the derivative
expand the Power Rule to include an X 3
ever-widening set of numbers until we Problem 1 and AP” Practice Problem 1. Of y =x’atx = 2.
arrive at the fact it is true when n is a real Soluti
number. olution
But what if we want to find the derivative of the function f(x) =ax" when a # 1?
The next theorem, called the Constant Multiple Rule, provides a way. NORMAL FLOAT AUTO REAL RADIAN HMP n
ddK [ x3 ] I =2
.................................. 12.000001
L]
Teaching Tip COMMON ERRORS & MISCONCEPTIONS
Students will learn many versions of the Power .
Rule throughout the course that extend the f:lfjggr(;ﬂeicet';ﬁztn??]fgvrzrtshtah:t;t;ﬁ'rown
rule to include all real values of n. Even though work. This (?an lead to difficulties because
these have not been introduced yet, it can be the c‘a leulator usually relies on an alaorithm - .
helpful to extend the rule for students now, so 02 roljdmat: ausol); ton rather thar? ind According o the calculator, the derivative
that they can practice taking the derivative of PP . is 12.000001, but the actual answer is
1 the correct answer. The Graphing Calculator 12. (You can have your students verify
functions like y = — = x! (Power Rule for any Practice on this page illustrates how the this with the Power Rule.) If you round
) ) X numeric derivative feature on the calculator the calculator answer to the third digit
integer n in Section 2.4) and y = /x = x"2 - - : .
o A can sometimes give an answer that is not after the decimal place, then you get the
(Power Rule for rational exponents in
perfect. correct answer of 12.

Section 3.2).

Chapter 2 - The Derivative and Its Properties 185
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COMMON ERRORS & MISCONCEPTIONS

Students may not recognize that f(x) = % is
the same as f(x) = %x. These expressions

are equivalent. The derivative is f'(x) = %

ALTERNATE EXAMPLE

Differentiating a Constant Times
a Power Function

Find the derivative of each function.

(@) f(x)=4x*  (b) Q(X)=£
10

(c) v(t)=2et?

Solution

(a) f(x)=4°%5, so

f'(x)= 4[ix6]: 4.6x° = 24x5
dx

(b) g(x)= %"xs, S0

C[d s 1. K
LN I LAV
g=13 [dxx] X

(c) v(t)=2e°? so

V(t) = 2e~[it2 :| =2e-2t = et
at

Building Calculator Skills

Consider having students use the numerical
derivative feature on a calculator to practice
this skill for the AP® Exam. Students can use a
calculator to verify their answers or you can ask
students to use their calculators to differentiate
functions they do not have a rule for yet.

GRAPHING CALCULATOR
PRACTICE

Use your calculator to find the derivative
of y =cos(e*) at x=2.
Solution

NORMAL FLOAT AUTO REAL RADIAM MP n

:—x[cos(ex) ]|x=2
76.604697646

At x =2, the derivative is —6.605.

186 Chapter 2 « The Derivative and Its Properties

THEOREM Constant Multiple Rule

If a function f is differentiable and k is a constant, then F(x)=kf(x) is a

function that is differentiable and

IN WORDS The derivative of a constant
times a differentiable function f equals
the constant times the derivative of f.

Proof Use the definition of a derivative, Form (2).

F'(x) :/!Ln(ll

=li

Fx+h)—F(x) — lim kf(x+h) —kf(x)

h—0 h

f g LD = )
- lim
h—0 h h—0 h

kLG Eh) - f0]
m =

Using Leibniz notation, the Constant Multiple Rule takes the form

A change in the symbol used for the independent variable does not affect the

d d
k)1 =k [afm]

d d
derivative formula. For example, Etz =2t and LTMS =5u".
u

=k f'(0)

(9 ¢.\Y[JN3EY Differentiating a Constant Times a Power Function

Find the derivative of each function:

(@ f(x)=5x*

Solution

Notice that each of these functions involves the product of a constant and a power
function. So, we use the Constant Multiple Rule followed by the Simple Power Rule.

(b) g(u):—%uz (©) u(x)=m*x3

d 2
(@ fx)=5 - x3, s0 f(x)=5 {E)ﬁ]:S .3x2=15x2

L / 1
(b) gu)=—5-u*s0g W)=~

d 1
-d—uuzz——-Zu]:—u

2 2

d
(c) u(x)=m*x3 sou'(x) ?n“ —xd =gt 3x2=3x%2

dx

7 is a constant

IN\OAN[e]:{q Problem 31.

3 Differentiate the Sum and the Difference of Two Functions

We can find the derivative of a function that is the sum of two functions whose

derivatives are known by adding the derivatives of each function.

THEOREM Sum Rule

IN WORDS The derivative of the sum of
two differentiable functions equals the
sum of their derivatives. That is,
(f+e)y=f+g"

AP® EXAM jil4

On free-response questions, all nonexact
solutions must be reported to three
decimal places. The answer provided may
be rounded to three decimal places or
truncated after three decimal places.

186 Chapter 2 - The Derivative and Its Properties

If two functions f and g are differentiable and if F(x) = f(x) + g(x), then F is
differentiable and

F')=f'()+gx

Teaching Tip

As the students are learning the derivative
rules, take advantage of every opportunity to
strengthen their algebra skills. Notice the AP®
Calc Skill Builder directly above. We could

1
have stopped with f(x) :%x 242, When the

students learn about the First Derivative Test, the
Second Derivative Test, and optimization, they
will have to use the derivative in rational form:

o A+ax
f'(x) =
2Jx
helps in different situations. Consider requiring the
students to simplify at this point in the year.

. Each of the forms presented
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Proof If F(x)= f(x)+ g(x), then
Fx+h) —Fx)=[fx+h)+gk+n]—[f(x)+gx)]
=[fx+h)— f)l+[gx+h) —gx)]

So, the derivative of F is
m [fx+h) —FOl+Igx+h) —g)]

=i :
‘ h)y—f h) —
=lim SOt = J o + lim gt —gx) The limit of a sum is
h—0 h h—0 h

the sum of the limits.
=f'()+g'x) "
In Leibniz notation, the Sum Rule takes the form

d _d d
L@ +gWl= - f @)+ e ()

VN [JNXY Differentiating the Sum of Two Functions
Find the derivative of f(x)=3x>+8.

Solution
Here f is the sum of 3x2 and 8. So, we begin by using the Sum Rule.

d d d d
) =—0Cx2+8)=—0Bx)+-—8=3—x>+0=3.2x=6x n
dx 4 dx dx 4 dx 1
Sum Rule Constant Multiple ~ Simple
Rule Power Rule

[NOTAeIA Problem 7 and AP® Practice Problem 6.

THEOREM Difference Rule

If the functions f and g are differentiable and if F(x) = f(x) — g(x), then F is
differentiable, and F’(x) = f'(x) — g’(x). That is,

IN WORDS The derivative of the
difference of two differentiable functions
is the difference of their derivatives. That

s (f-8'=f-g.

a4

I g(x)

d d
E[f(x)—g(x)]=$f(x)—

The proof of the Difference Rule is left as an exercise. (See Problem 78.)

The Sum and Difference Rules extend to sums (or differences) of more
than two functions. That is, if the functions fi, fa, ..., fn are all differentiable,
and ay, ay, ..., a, are constants, then

d d d d
o [a1 fix) +ax fo(x) + - +an fu(D)]=a1—= fi(x) +ar—— fo(x) + - +an—— fulx)
x dx dx dx

Combining the rules for finding the derivative of a constant, a power function, and
a sum or difference allows us to differentiate any polynomial function.

1\ [JNF Differentiating a Polynomial Function

(a) Find the derivative of f(x)=2x*—6x>+2x —3.
(b) Whatis f'(2)?
(c¢) Find the slope of the tangent line to the graph of f at the point (1, —5).
(d) Find an equation of the tangent line to the graph of f at the point (1, —5).
(e) Find an equation of the normal line to the graph of f at the point (1, —5).
(f) Use technology to graph f, the tangent line, and the normal line to the graph of f
at the point (1, —5) on the same screen.

AP® CALC SKILL BUILDER Differentiate:
FOR EXAMPLE 4 |

Differentiating the Sum of Functions f(x)= 2 2
Find the derivative of f(x) =~/x +2x+3.

which can be re-written as:

Solution £ 1 9
Rewrite the function: ()= m+
1 or as:
f(x)=x2+2x+3 1+4x
Fr(x) = X
2Jx

Chapter 2 - The Derivative and Its Properties

AP® CALC SKILL BUILDER
FOR EXAMPLE 5

Differentiating a Polynomial Function

Given the function f(x) = 2x° —3x?,

find the following:

(@) f'(x)

(b) f'(-2)

(c) What is the slope of the tangent line
to the graph of f at the point (1, —1)?

(d) Find an equation of the tangent line
to the graph of fat the point (1, —1).

(e) Find an equation of the normal line to
the graph of fat the point (1, —1).

(f) Use technology to graph f, the tangent
line, and the normal line to the graph of f
at the point (1, —1) on the same screen.

Solution

(a) f'(x)=10x*—6x

(b) f/(=2)=10(-2)* —6(-2) =172

(c) The slope of the tangent line at the
point (1, —1) is /(1) = 10(1)* —6(1) = 4.

(d) Use the point-slope form of an

equation of a line to find an equation
of the tangent line at (1, —1).

y—(=1=4(x-1)
y=4x-5
(e) Since the normal line and the tangent
line at the point (1, —1) on the graph
of fare perpendicular and the slope
of the tangent line is 4, the slope of

the normal line is —r

y-)=-1 -1
__1.3
44

(f) The graphs of f, the tangent line, and
the normal line to fat (1, —1) are shown.

HORHAL FIXE AUTO REAL RADIAN HP []

|
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Section 2.3: Worksheet 1

This worksheet contains 3 polynomial
functions and their graphs. The students are
asked to find the derivative of each function,
to find the points where the graph of each
function has a horizontal tangent line, and
to examine the graph to determine if their
answers are reasonable.

Teaching Tip

Example 6 is an excellent precursor for
many topics coming up in Chapter 4, such
as finding the maximum and minimum

of a function, local extrema, concavity,
using calculus to graph functions, and
optimization.

ALTERNATE EXAMPLE

Solving Equations and Inequalities
Involving Derivatives

Find x-coordinates of the points on the

3

1 2 3
raph of f(x)=—x*+=x3 —=x? where
graph of f(x) 27X T30 3

f has a horizontal tangent line.

Solution
We want to find the numbers x for which
f’(x)=0.
f7(x)=x3+2x% - 3x
f/(x)=x(x?+2x-3)
f/(x)=x(x+3)(x=1)
f’(x)=0whenx=0,x=-3,and x=1.

The graph of f has a horizontal tangent line
atx=0,x=-3,and x=1.

HORHAL FIXE AUTO REAL RADIAN HF n

N

[~10, 10] X [~10,5]

Figure 26 f(x)=2x* —6x>+2x -3

BIG IDEAS jil¥

Big Idea 3: Analysis of Functions
Using a function’s derivative to determine

its behavior is one of the major

consequences of calculus. We can use

Solution
d d d d d
‘)= —@x* —6x? +2x —3)= —(2x*) — —(6x) + —(2x) — —3
@  f)= @7 =007 4 20 = 3) = (2x7) — - (6x0) F - (20) — -

Sum/Difference Rules

d d d
=2 —x*—6-—x?4+2. —x -0
dxx dxx dxx
Constant Multiple Rule
=243 —6-2x+2-1=8x>—12x 42

Simple Power Rule Simplify

(b) f/(2)=8-2°—12-242=64—-24+2=42.
(c) The slope of the tangent line at the point (1, —5) equals f(1).
ffH=8-1P—12.-142=8—12+42=-2
(d) Use the point-slope form of an equation of a line to find an equation of the tangent
line at (1, —5).
y—(=5=-2(x—-1
y=—2(x—-1)-5=-2x4+2-5=-2x-3
The line y=—2x —3 is tangent to the graph of f(x)=2x*—6x>+2x—3 at the
point (1, —5).
(e) Since the normal line and the tangent line at the point (1, —5) on the graph of f
are perpendicular and the slope of the tangent line is —2, the slope of the normal
1

line is 3

Use the point-slope form of an equation of a line to find an equation of the
normal line.

y7(75)=%(x71)
1 111
5

1
et —1)—5=-x— 2 5= —x— —
y=30=Db X732 272

1 11
The line y = Ex -5 is normal to the graph of f at the point (1, —5).

(f) The graphs of f, the tangent line, and the normal line to f at (1, —5) are shown in
Figure 26. m

INOAYe1: 1@ Problem 33 and AP® Practice Problems 2, 5,10, and 11.

In some applications, we need to solve equations or inequalities involving the
derivative of a function.

D\ [HNAY Solving Equations and Inequalities Involving Derivatives

(a) Find the points on the graph of f(x)=4x> — 12x% +2, where f has a horizontal
tangent line.

(b) Where is f’(x) > 0? Where is f/(x) <0?

Solution

(a) The slope of a horizontal tangent line is 0. Since the derivative of f equals the slope
of the tangent line, we need to find the numbers x for which f’(x) =0.

fl(x) =12x% —24x = 12x(x —2)
12x(x —2)=0 f'(x)=0
x=0o0rx=2 Solve.
At the points (0, f(0))=(0,2) and (2, f(2))=(2, —14), the graph of the
function f (x) =4x> — 12x2 + 2 has horizontal tangent lines.

Section 2.3: Worksheet 2

This worksheet is great for building up skill
at taking the AP® Exam. The students are
given information in a table, and then later
in a graph, and are asked several derivative-
based questions.

this information to identify special points
on a function, such as maximums and
minimums. In Chapter 5, students will
learn a variety of skills that will allow them
to graph most functions without the aid of

a calculator.

188 Chapter 2 - The Derivative and Its Properties
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0.2)

—/

=5
=10
=1

5

2, -14)

Figure 27 f(x)=4x> — 12x2+2

NEED TO REVIEW? Exponential
functions are discussed in Section P5,

pp. 41-44.

©, 1)

Figure 28

NEED TO REVIEW? The number e is
discussed in Section P5, pp. 44-45.
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(b) Since f’(x)=12x(x—2) and we want to solve the inequalities f'(x)>0
and f'(x) <0, we use the zeros of f’, 0 and 2, and form a table using the
intervals (—oo, 0), (0, 2), and (2, 00). m

TABLE 2
Interval ‘ (=00, 0) 0,2) (2, 00)
Sign of f’(x) =12x(x — 2) ‘ Positive Negative Positive

We conclude f’(x) >0 on (—00,0) U (2, 00) and f'(x) <0 on (0, 2).

Figure 27 shows the graph of f and the two horizontal tangent lines.

AT Problem 37 and AP® Practice Problem 3.

4 Differentiate the Exponential Function y = e*

None of the differentiation rules developed so far allow us to find the derivative of an
exponential function. To differentiate f(x) =a*, we need to return to the definition of
a derivative.

We begin by making some general observations about the derivative
of f(x)=a*, a>0 and a # 1. We then use these observations to find the derivative
of the exponential function y =e*.

Suppose f(x)=a*, where a >0 and a # 1. The derivative of f is

At g @ - ad'—a*

h) — _
£ = Jim LEEW SO 9 —mZ 2 ¢
h—0 h h—0 h 1 =0 h
atth—gx . gh
. [ N ah — 1] [ a—1
=lim |a" - =a* - lim
4 h=0 h =0 h

Factor out a*.

a"—1 |
exists.

ided li
provided lim

Three observations about the derivative of f(x) = a* are significant:
h h
a"—1 a" —1
o f'(0)=a’lim —— = lim
f®=a =0 h =0 h

d
e f’(x) is a multiple of a*. In fact, d—u* = f'(0) - a*.
X

o If £'(0) exists, then f’(x) exists, and the domain of f” is the same as that of
f(x)=a", all real numbers.

The slope of the tangent line to the graph of f(x)=a" at the point (0, 1)
h_q
is f/(0)= ;in(l] a , and the value of this limit depends on the base a. In Section P.5,
the number e was defined as that number for which the slope of the tangent line to the
graph of y =a* at the point (0, 1) equals 1. Thatis, if f(x) =e*, then f'(0) =1 so that

Figure 28 shows f(x)=e* and the tangent line y=x+1 with slope 1 at the
point (0, 1).

Chapter 2 - The Derivative and Its Properties

(A} Building Calculator Skills

When introducing the derivative of a new
function, consider having students use their
calculators first to graph the function itself
and then see if they can make a conjecture
about what the derivative of the new
function might be, before they also graph
the derivative on the same set of axes.
GRAPHING CALCULATOR

( PRACTICE

On your calculator, graph both the
function y = e* and its derivative. Use
the graphs to make a conjecture about a
derivative rule for y =e*.

Solution

Graph both the function y = e*
and its derivative.

HORMAL FLOAT AUTO REAL RADIAN HMP n

Flotl Flot2
B\Y1Be?
LN =P =L T
ENY 3=
ENYa=
ENYs5=

\Ye=
ENY 7=
ENYg=

Plot3

As students watch both functions graph,
they should notice that the derivative
graph perfectly covers up the function.

HORMAL FLOAT AUTO REAL RADIAN HMP n

Students can use a table to verify that
both the function and derivative have
the same numerical value for any given
value of x.

HORMAL FLOAT AUTO REAL RADIAN MP
PRESS + FOR aTbl1

x=0

Thus, the derivative of y =e*is y” = e*.

189
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( AP® CALC SKILL BUILDER )

FOR EXAMPLE 7

Differentiating an Expression
Involving y = €*

Find the rate of change of the function
f(x) = —2e* +%x2 atx=6.
Solution
The rate of change of fat x=6 is f/(6):
f’(x)=—2¢e* +1x
2

f(6)=—26%+3

Section 2.3: Worksheet 3

This worksheet contains 10 problems
in which the student is asked to find the
derivative of a function.

MUST-DO PROBLEMS FOR
EXAM READINESS

AB: 7,11, 15, 19, 25, 29, 31, 35, 37, 43,
47, and all AP® Practice Problems

BC: 1,7, 19, 25, 31, 33, 3747 (odd), 53,
63, and all AP® Practice Problems

Full Solutions to
Section 2.3 Problems and
AP® Practice Problems

Answers to Section 2.3 Problems

1. 0; 3x? 2. nx"’
3. True. 4, k[if(x)]
dx
e* 6. True.
f'(x)=3 8. f'(x)=5
L F(x)=2x+3 10. f/(x)=16x3 +4x
1. f'(u)=40u* -5
12. f'(u)=27u? —4u+4
13. f’(s)=3as? +3s
14. fqs)=-2xs 15. f’(t)=§t4
16. f’(x)—zxe—ﬁx 17. f’(t)=§z‘2
5 5 5
18. f’(x):zxe—§
9 9
2
19, f’(x):3x7+2

190 Chapter 2 « The Derivative and Its Properties

d d .
Since —a* = f/(0) - a*, if f(x)=e*, then —e* = f'(0) - e* =1-¢" =e".
dx dx

THEOREM Derivative of the Exponential Function y = ¢*
The derivative of the exponential function y = e* is

== (1)
ef=e"
VS ;

[C] EXAMPLE 7 Differentiating an Expressnon Involving y = e*
CLp
Find the derivative of f(x) =4e* +x°

Solution
The function f is the sum of 4¢* and x3. Then
d ) d ) d d
fl(x) = ——@e" +x%) = ——(4e") + —x* =4——e* +3x? =4e* +3x? n
dx 1 dx dx 4 dx

Sum Rule Constant Multiple Rule; Use (1).

NOTE We have not forgotten y = In x Simple Power Rule

Here is its derivative:

diln x = ! [NEWAIL Problem 25 and AP Practice Problems 4 and 9.
X X

Use this result for now. We do not have

the necessary mathematics to prove it

until Chapter 3. we need more information. See Chapter 3.

2.3 Assess Your Understanding

Concepts and Vocabulary

d
Now we know d—e" =¢". To find the derivative of f(x)=a*, a>0and a #1,
x

[ d d 342 7_5
[ I T 17. f(o)= + 18, fy=22F
dx dx
is a positive i i 2x 41 1
2. thn:1 is ddposnltwc integer, the Simple Power Rule 19. foo)= 3+ 7x + 2. f()= E(axz +bx+0),a£0
states that 5o = — 2 f)=axi+bxte 22 f)=axd+bxtex+d
3. True or False The derivative of a power function of degree 23, f(x)=4e* 24, f(x)= —le"
greater than 1 is also a power function. Y - Y T2
4. If k is a constant and f is a differentiable function, 25. f(u)=5u®—2e" 26. f(u)=3e"+10
d .
then E[kj ®l=—: In Problems 27-32, find each derivative.
5. The derivative of f(x)=e" is . 2 i<ﬁ[+ 1) 28 1(2:4—5>
6. True or False The derivative of an exponential dt 2 dt 8
function f(x)=a", where a >0 and a # 1, is always 29 d—AifA(R):rrRz 30 d—cifC:ZnR
a constant multiple of a*. " dR " dR
dv 4 dpP
31 d—ifV:§nr3 32, il P=02T
Skill Building "

In Problems 33-36:
(a) Find the slope of the tangent line to the graph of each
function f at the indicated point.
= (b) Find an equation of the tangent line at the point.
7. f=3+v2 8. f)=5x—mn (¢) Find an equation of the normal line at the point.
9. f(x)=x>+3x+4 10, f(x)=4x* +2x2 -2 (d) Graph f and the tangent line and normal line found
in (b) and (c) on the same set of axes.
3 . f)=x3+3x—Tat(0, —1)
13. f(x):as3+§s2 4. f(s)=4—ms’ M. fo)y=x*4+2x—1lat(1,2)
35. f(x)=e"+5xat(0,1)
36. f(x)=4—e"at(0,3)

In Problems 7-26, find the derivative of each function using the
Sformulas of this section. (a, b, ¢, and d, when they appear, are
constants.)

11. =8u’ —5u+1 12 =9u® —2u® +4u+4
f(u) u U+ fu) u u” +4u + 33

15. f(n)= %(zs —8) 16. f(x)= %(ﬂ —3x%+2)

33. (@) 3 (d) fo=x*+20 -1

20. f’(X)=%(2aX+b) (b) y=3x—-1

21.

F(x) (€) y=—2x-1

22. £/(x)=3ax? +2bx +c BN
23. f’(x):4e1x
24. f'(x)=——¢*

(x)=—2e
25. f"(u)=10u—2e" 35. (a) 6
26. f’(u)=3e" (b) y=6x1+1
27. 3 2. t° 3. (2) 6 (b) y=6x—4 (0) y=—gx+1
29. 2R 30. 27z (© __1X+E
31, 4rr? 32. 02 y= 6 6 Answers continue on p. 191

190 Chapter 2 - The Derivative and Its Properties
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Section 2.3 « Assess Your Understanding 191

In Problems 37—42: In Problems 49 and 50, for each function f:

(a) Find the points, if any, at which the graph of each function f (a) Find f'(x) by expanding f (x) and differentiating the polynomial.
has a horizontal tangent line. (b) Find f'(x) using a CAS.

(b) Find an equation for each horizontal tangent line. (¢) Show that the results found in parts (a) and (b) are equivalent.

(c) Solve the inequality f'(x) > 0.

49. f(x)=Q2x—1)} 50. f(x)=(x>4+x)*

(d) Solve the inequality f'(x) <0. Applicati dE .
(e) Graph f and any horizontal lines found in (b) on the same set pplications and Extensions
of axes. In Problems 51-56, find each limit.
(f) Describe the graph of f for the results obtained in parts (c) | 8 N\
and (d). 5<—+h> ,5(,) s s
» 2 2 st.ofim—>/ \2J 52. lim 22N 262
37. f(x)=3x"—12x+4 38, f(x)=x"+4x-3 - h - n
39. f(x)y=x+e" 40. f(x)=2e"—1 3B +h)S—/3-8° L oa(l+n"0—x
53. lim ——— 54. lim ———
4. f)=x>—3x+2 42, f(x)=x*—4x3 h=0 h h=0 h
alx+h)?—ax? . b(x+h)" —bx"
- . Lo - 55. lim ————— 56. lim ————
43. Rectilinear Motion At ¢ seconds, an object in rectilinear h—0 h h—0 h
motion is s meters from the origin, where s(7) = B—r+1.
Find the velocity of the object at # =0 and at f = 5. In Problems 57-62, find an equation of the tangent line(s) to the graph

of the function f that is (are) parallel to the line L.
44. Rectilinear Motion At ¢ seconds, an object in rectilinear )
motion is s meters from the origin, where s(1) =1* — 1> + 1. 57. f()=3x"—x; L:y=5x
Find the velocity of the object at 7 =0 and att = 1. 58. f(x)=2x>+1; Liy=6x—1
59. f(x)=e*; L:iy—x—5=0

Rectilinear Motion In Problems 45 and 46, each position function
60. f(x)=—-2¢"; L:y+2x—8=0

gives the signed distance s from the origin at time t of an object in

0 . 1
rectilinear motion: 6l. f(x)= 5)(3 — xz; L:y=3x-2
(a) Find the velocity v of the object at any time t. 62. f(x)=x3—x; Lix+y=0
(b) When is the velocity of the object 0? 63. Tangent Lines Let f(x)=4x> —3x— 1.

9
45, s(t)=2-51+17 46. s(t)=1>— EIZ +61+4 (a) Find an equation of the tangent line to the graph of f

atx =2.

In Problems 47 and 48, use the graphs to find each derivative. (b) Find the coordinates of any points on the graph of f where

the tangent line is parallel to y =x + 12.
47. Letu(x) = f(x) +g(x) and v(x) = f (x) = g(x). (¢) Find an equation of the tangent line to the graph of f at any
points found in (b).
@ @O (b) u'() (d) Graph f, the tangent line found in (a), the line y = x + 12,
© v(=2) (@ v'(6) and any tangent lines found in (c) on the same screen.

© 3G O -20) g Tangent Lines Let f(x) =x3+2x>+x—1.

(a) Find an equation of the tangent line to the graph of f
atx =0.

(b) Find the coordinates of any points on the graph of f where
the tangent line is parallel to y =3x — 2.

(¢) Find an equation of the tangent line to the graph of f at any
points found in (b).
48. Let F(t)=f(t)+g(t) and G(t) = g(t) — f(1). (d) Graph f, the tangent line found in (a), the line y =3x — 2,
and any tangent lines found in (c) on the same screen.
Y80 09 ) F© () F'G) 65 TangentLine Show that the
(¢) F'(=4) ) G'(-2) line perpendicular to the x-axis
e G'(=1) (f) G'(6) and containing the point (x, y)
on the graph of y =¢* and the
tangent line to the graph
of y=e¢* at the point (x, y)
intersect the x-axis 1 unit apart.
See the figure.

(d) v =et+5e (d)

[

y=3x2 - 12x+ 4

10} @9

36. (a) -1 37. (a) (2,-8) (f) Increasing when x >2,
(b) y=—x+3 (b) y=-8 decreasing when x < 2.

(€) y=—x+3 (©) x>2 38. (@) (-2,-7) (b) y=—7
(d) x<2 () x>-2 (d) x<-2

(e) y:x2+4,\‘*3y

(=2,-7) g1 y=-7

(f) Increasing when x > -2,
decreasing when x < —2.

39. (a) None.  (b) None.

(c) All real numbers.
(d) No solutions.

(e)

(f) Increasing for all x.

40. (a) None. (b) None.

(c) All real numbers.

(d) No solutions.

(f) Increasing for all x.

41. (@) (1,0),(-14) (b) y=0,y=4

(€) x<—torx>1 (d) —1<x<1

@

(f) Increasing when x <—1or x >1,
decreasing when —1< x <1.

42. (a) (0,0)and (3,—27)

(b) y=0,y=-27
(c) x>3 (d) x<3

y=)c4*4:c3

(0, 0)

—10+

—204

=304y =-27 (3.-27)

Answers continue on p. 192
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192 Chapter 2 « The Derivative and Its Properties
66. Tangent Line Show that the tangent line to the graph
43. V(O) =1 m/s and V =74 m/s of y=x", n>2 an integer, at (1, 1) has y-intercept 1 — n.
67. Tangent Lines If n is an odd positive integer, show that the
44, V(O) =0 m/s and V( ) =1 m/S tangent lines to the graph of y =x" at (1, 1) and at (=1, —1) are
parallel.
45. (a) v(t)=2t-5
68. Tangent Line If the line 3x — 4y =0 is tangent to the graph
(b) t= § of y = x> +k in the first quadrant, find k.
2 69. Tangent Line Find the constants a, b, and ¢ so that the graph
_ 212 _ of y =ax? + bx + ¢ contains the point (—1, 1) and is tangent to
46' (a) V(t) - 3t 9t+ 6 the line y =2x at (0, 0).
(b) t=1ort=2 70. Tangent Line Let 7 be the tangent line to the graph of y = x3
. 11 .
4 7 9 at the point (5 §> . At what other point Q on the graph
47. (a) = (b) —— (¢) —=
of y =x" does the line 7T intersect the graph? What is the slope
5 20 5 f ) 3 does the line T i he graph? What is the slop
23 21 23 of the tangent line at Q?
(d) - (e) - (f) - 71. Military Tactics A dive bomber is flying from right to left
20 10 along the graph of y = x2. When a rocket bomb is released, it
48 ( ) 9 (b) 3 ( ) 1 follows a path that is approximately along the tangent line. Where
. a) —— — C) — should the pilot release the bomb if the target is at (1, 0)?
10 2 2 72. Military Tactics Answer the question in Problem 71 if the plane
(d) 1 ( ) 1 (f) 4 is flying from right to left along the graph of y = x3.
10 73. Fluid Dynamics The velocity v of a liquid flowing through
a cylindrical tube is given by the Hagen—Poiseuille
49_ (a) f’(x) = 24)(2 — 24X + 6 equation v = k(R? — r?), where R is the radius of the tube, k is a
constant that depends on the length of the tube and the velocity of
(b) f ( ) (2X 1) the liquid at its ends, and r is the variable distance of the liquid
Th . . b d from the center of the tube. See the figure below.
(c) theeee);)pr;eSSSSIOcl)’]nll’]n((a)) €Xpands to (a) Find the rate of change of v with respect to r at the center of
X| on | . the tube.
50. (a) f'(X) = 8)(7 + 28)(6 + 36)(5 (b) What is the rate of change halfway from the center to the wall
20 4 4 3 of the tube?
+2UX " +4X
( ) f ( ) 3 ( )( )3 (¢) What is the rate of change at the wall of the tube?
b) f/(x)=4x"(2x+1)(x +1
(c) The expression in (b) expands to
the expression in (a).
-~ 74. Rate of Change Water is leaking out of a swimming pool that
51 ) 16 52 480 53 20’480\/§ measures 20 ft by 40 ft by 6 ft. The amount of water in the pool at
2 n—1 atime r is W(t) = 35,000 — 2072 gallons, where ¢ equals the
54 107[ 55 3aX 56 an number of hours since the pool was last filled. At what rate is the
57 y_5x_3 58 y_6X—3 y_6X+5 water leaking when r =2 h?
Y= . = y Y=
_ 9y 75. Luminosity of the Sun The luminosity L of a star is the rate at
59' y =X +1 60' y - 2X 2 which it radiates energy. This rate depends on the temperature 7

61. y:3x+g,y:3x—9 62. y=—x
63. (a) y=45x—65

B 83

—,y=x—-——-1and
37 9

3 83

atx=——y=x+——-1
3777y

y=d4x3-3x -1

(d)

SVE ])
y=45x — 65
64. (a) y=x-1
o1 29
(b) L—\/——g E O—E)and

1
N R
-3 2

192

(_

1
3

and surface area A of the star’s photosphere (the gaseous

surface that emits the light). Luminosity is modeled by the
equation L = o AT*, where o is a constant known as the
Stefan—-Boltzmann constant, and 7 is expressed in the absolute
(Kelvin) scale for which 0 K is absolute zero. As with most stars,
the Sun’s temperature has gradually increased over the 6 billion
years of its existence, causing its luminosity to slowly increase.

(a) Find the rate at which the Sun’s luminosity changes with
respect to the temperature of its photosphere. Assume that the
surface area A remains constant.

1= 2
0-2,
3V

y=3x- ZOJ—+— and at

1 2 20 25
X=—=J10—=y=3x+—+10+—
303y 27\/_ 27

(c) Atx=

(d)

y=x3+212+x*1

-2 -1 2
See TSM for proof.
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76.

71.

78.

79.

80.

81.

(b) Find the rate of change at the present time. The temperature
of the photosphere is currently 5800 K (10,000 °F), the
radius of the photosphere is r =6.96 x 108 m

and 0 =5.67 x 10—,

(c

Assuming that the rate found in (b) remains constant,
how much would the luminosity change if its photosphere
temperature increased by 1 K (1 °C or 1.8 °F)?

Compare this change to the present luminosity of

the Sun.

Medicine: Poiseuille’s Equation The French physician
Poiseuille discovered that the volume V of blood (in cubic
centimeters per unit time) flowing through an artery with inner
radius R (in centimeters) can be modeled by

V(R)=kR*

T -
where k = i is constant (here v represents the viscosity of blood
v

and [ is the length of the artery).

(a) Find the rate of change of the volume V of blood flowing
through the artery with respect to the radius R.

(b) Find the rate of change when R =0.03 and
when R =0.04.
(¢) If the radius of a partially clogged artery is increased

from 0.03 to 0.04 cm, estimate the effect on the rate of
change of the volume V with respect to R of the blood
flowing through the enlarged artery.

(d) How do you interpret the results found in (b) and (c)?

Derivative of an Area

Let f(x)=mx, m>0.

Let F(x), x > 0, be defined as
the area of the shaded region in
the figure. Find F’(x).

The Difference Rule Prove that if f and g are differentiable
functions and if F(x) = f(x) — g(x), then

F'(x)=f'(x) —g'(x)

Simple Power Rule Let f(x)=x", where n is a positive
integer. Use a factoring principle to show that

£(©) = lim f&) = fo)

=ncn—l
xX—c

Normal Lines For what nonnegative number & is the line given
1

byy= -3 + b normal to the graph of y = x3?

Normal Lines Let N be the normal line to the graph

of y = x? at the point (—2, 4). At what other point Q does N
meet the graph?

66. See TSM for proof.

67. See TSM for proof. 68. k:%
69. a=3,b=2,c=0 T70. (—1,—1),%
327
7. (24 72,
” 22)
73. (@) 0 (b) —kR (c) —2kR
74. —80 galhh

75. (a) Lo soAT?
ot W
(b) 2.694 x 102 v

Answers continue on p. 193
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82. Tangent Line Find a, b, c, d so that the tangent line to ypx=c 85. (a) c=1

the graph of the cubic y =ax® + bx? + cx +d at the point (1, 0) 40 _ _
is y = 3x — 3 and at the point (2, 9) is y = 18x — 27. (b) y=12x-16 and y =12x+1

83. Tangent Line Find the fourth degree polynomial that y=20+37-9 86. (a) C=—

contains the origin and to which the line x + 2y = 14 is tangent at 5 20
y=4x"+4x+5

both x =4 and x = —2. Qo (b) 1and -1
84. Tangent Lines Find equations for all the lines 1
containing the point (1, 4) that are tangent to the graph ! j (c) 0, — ﬂ +B

Challenge Problems

tangent lines touch the graph?

= »
of y =x3 — 10x2 4 6x — 2. At what points do each of the /—\/

85. The line x = ¢, where ¢ > 0, intersects the 86. f(x)= Ax2+ B, A>0.
cubic y =2x3 4+ 3x% — 9 at the point P and intersects the
parabola y = 4x? 4 4x + 5 at the point Q, as shown in the (@
figure on the right.

Find ¢, ¢ > 0, in terms of A so that the tangent lines to the

graph of f at (¢, f(c)) and (—c, f(—c)) are perpendicular.

(a) If the line tangent to the cubic at the point P is parallel to (b) Find the slopes of the tangent lines in (a).
the line tangent to the parabola at the point Q, find the (¢) Find the coordinates, in terms of A and B, of the point of
number c. intersection of the tangent lines in (a).

(b) Write an equation for each of the two tangent lines described
in (a).

Preparing for the ({Z83%T)] Answers to AP® Practice Problems

AP® Practice Problems

1. If g(x) = x, then g'(7) = 7. I £(x) = 1+ |x — 4], find f'(4). 1. B
_ R 2.¢C
) 0 ®) 1 © 7 ) % A) —1 B) 0 ©) 1 (D) f'(4) does not exist.
8. The cost C (in dollars) of manufacturing x units of a product 3. C
2. The line x 4+ y = k, where k is a constant, is a tangent line is C(x) = 0.3x2 + 4.02x + 3500.
to the graph of the function f(x) = x> — 5x + 2. What is the What is the rate of change of C when x = 1000 units? 4. A
lue of k?
vaueo (A) 307.52 (B) 0.60402 (C) 604.02 (D) 1020 5. D
@A -1 ®B2 © -2 @D -4 9 d 51 '
. — x) =
189] 3. An object moves along the x-axis so that its position at time ¢ 120 dx 6. A
is x(r) = 3t> — 9¢ + 7. For what time 7 is the velocity of the 1 . _ 5 5
object zero? @ Sx @) & © In x ) X 7.D
@ -3 ®3 ©2 o7 DI e 8. C
2 (a) Find f'(1).
100 4. If f(x) = e*, then In(f'(3)) = (b) Find an equation of the tangent line to the graph 9.D
of fatx = 1.
3 . . .
G I )k (© Find f/(~4). 10. (a) 2; (b) y=2x+3;(c)-8;
5. An equation of the normal line to the graph (d) Find an equation of the tangent line to the graph (d) y= —8x—1 2, (e) (—3/2, 0)
of g(x) = x> 4 2x% — 2x + 1 at the point where x = —2 is of fatx = —4. 1" C
(A) x+2y=12 B) x—2y=8 (e) Find the point of intersection of the two tangent lines found "
in (b) and (d).
C) 2x+y=-9 D +2y=8
(© 2oty B e=ecy 11. Which is an equation of the tangent line to the graph of
1g7] 6. The line 9x — 16y = 0 is tangent to the graph F(0) = x* 4+ 322 + 2 at the point where f/(x) = 27
of f(x) = 3x3 + k, where k is a constant, at a point in _ _
the first quadrant. Find k. @) ys2=ar2 ©) p=2z--208
. . . 0 (©) y=2x+1678 (D) y=2x—2.929
(A) 2 (B) 16 ©) @ (D) @
(c) 2604 % 102 W 77. F/(x) = mx
av 78. See TSM for proof
76. (a) — = 4kR*cm’/cm proot
dt 79. See TSM for proof.
(b) V(0.03)=1.08k x 10~ cm™/cm; 50, 5o S 81)
V7(0.04) = 256k x 10~*cm3/cm 3 L4 16
(c) 137% increase. 82. a=3,b=—6,c=6,d=-3
7 7 21
. 83 y=—x*+—x*+x2—4x
(d) Answers will vary. Sample answer: A 64 16 16
1, . . 101 117
335 % increase in the radius of the 84. y=6x-2at(0,-2),y = _TX +T
artery, from 0.03 to 0.04 cm, produces a °5 27
oy_ ) P at| —,——— |, and y =—-26x+30 at (4,—74)
137% increase in the rate of change of 2’ 8

volume flow.
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COMMON ERRORS & MISCONCEPTIONS

Students often mistakenly believe that the
derivative of a product is the product of the

derivatives (di[f(x)-g(x)] = f’(x)~g’(x)).
x

Showing students that this is not true, like the

work to the right, can help them to see that

this is not a correct formula. Keep an eye out

for students making this mistake and correct
them so that they will use the correct rule.

(| SUGGESTEDSKILLT.E )

There are numerous rules and procedures
that students will be required to learn
throughout calculus. It is important that
students be able to identify the rule that
they need to use and apply it correctly. To
help students remember rules, consider
giving students formula quizzes where
you ask them to write down selected
derivative rules they have learned in

the past.

Teaching Tip

While the proofs for the Product and
Quotient Rules might seem challenging for
students, they can teach students tools that
mathematicians use to solve problems. In
the proof of the Product Rule, we add zero
(=f(x+h)g(x)+F(x+h)g(x)) to get

the limit into a form that we can work with.
The proof of the Quotient Rule uses a very
similar step. Consider showing students the
proof of the Product Rule and see if they
can then prove the Quotient Rule on their
own. Stress to students that adding zero
and multiplying by one are both common
procedures that mathematicians use to
make problems easier to solve.

194

2.4

_ e e e prrane e ropere

Differentiating the Product
and the Quotient of Two Functions;
Higher-Order Derivatives

OBJECTIVES When you finish this section, you should be able to:
1 Differentiate the product of two functions (p. 194)

2 Differentiate the quotient of two functions (p. 196)

3 Find higher-order derivatives (p. 198)

4 Find the acceleration of an object in rectilinear motion (p. 200)

In this section, we obtain formulas for differentiating products and quotients of
functions. As it turns out, the formulas are not what we might expect. The derivative
of the product of two functions is not the product of their derivatives, and the derivative
of the quotient of two functions is not the quotient of their derivatives.

1 Differentiate the Product of Two Functions

Consider the two functions f(x)=2x and g(x) = x>. Both are differentiable, and their
derivatives are f'(x) =2 and g'(x) = 3x2. Form the product

F(x)=f(x)g(x)=2x 3 =2xt
Now find F’ using the Constant Multiple Rule and the Simple Power Rule.

F'(x)=2-4x>=8x>

d
Notice that f'(x)g’(x) =2-3x> =6x?is not equal to F'(x) = d—[f(x)g(x)] =8x3. We
x
conclude that the derivative of a product of two functions is not the product of their
derivatives.

To find the derivative of the product of two differentiable functions f and g, we
let F(x)= f(x)g(x) and use the definition of a derivative, namely,

[fx+hgx+m]—[f(x)g)]
h

F'(x)=lim

We can express F’ in an equivalent form that contains the difference quotients for f
and g, by subtracting and adding f (x 4+ /)g(x) to the numerator.

S +hg+h) — f(x+h)gl) + fx +h)g(x) — f(x)gx)

F'(x)=li
(x) lim

=li

im f+n)gte+h) —g)]+[f(x +h) — fx)]g(x)

h

h—0

h

Group and factor.

=i rcc+] [im

= [lim £+ g0+ £ Jim g0

=g )+ f(x)gx)

g(x+h)—g(x)} { fx+h) - fx)
; + | lim

1

Use properties of limits.

/xLo h } Uif(l)g(x)}

Definition of a derivative.

Ilin‘(l)g(x) = g(x) since h is not present.

h—

Since f is differentiable, it is

continuous, so rlmf) fx+h)=f(x).
.

We have proved the following theorem.

Chapter 2 - The Derivative and Its Properties

Alternate Examples
Section 2.4
You can find the Alternate Examples for

this section in PDF format in the Teacher’s
Resource Materials.

AP® Calc Skill Builders
Section 2.4

You can find the AP® Calc Skill Builders for
this section in PDF format in the Teacher’s
Resource Materials.

©2020 BFW HS Publishers. Pages not final. For review purposes only. Do not distribute.



Section 2.4 « Differentiating the Product and the Quotient of Two Functions; Higher-Order Derivatives 195 _

THEOREM Product Rule

) ] ) ) ) Teaching Tip
If f and g are differentiable functions and if F(x)= f(x)g(x), then F is ®
differentiable, and the derivative of the product F is On the AP Exam, students should feel
: - - - comfortable working with functions that are
IN'WORDS The derivative of the [P0 =1/ @) = (018 0) + (01| presented as a function, table, or graph. Try
product of two differentiable functions o . . ' '
equals the first function times the In Leibniz notation, the Product Rule has the form to include examples throughout the year
derivative of the second function plus y y y y that allow students to practice working with
the derivative of the first function times . . .
the second function. That s T F@=—lf@gwl=f() [Eg(x)] + {E f(x)] g functions in each of these representations.
(&) =&+ (e The alternate example below allows

students to find the derivative of a product
by using values from a table.

YNV [JNWN Differentiating the Product of Two Functions

Find y' if y = (1 +x?)e*.

Solution ALTERNATE EXAMPLE

The function y is the product of two functions: a polynomial, f(x) =1+ x2, and the . L.
exponential function, g(x) = e*. By the Product Rule, Differentiating the Product of

Two Functions
The functions fand g are differentiable for
all real numbers. The table gives values of

,_d 24 x N d 20 ¢ 2y x x
V=—l0+x)e']=0+x7)|—e'| + (1+x%)| e =(1+x)e" +2xe
dx 1 dx dx
Product Rule

At this point, we have found the derivative, but it is customary to simplify the

answer. Then the functions and their first derivatives at
V' =(1+x>+2x)e" = (x + 1)%e* L] selected values of x. Find the derivative of
Factor out . Factor, y = f°g and then evaluate y’(2).

1 ’ ’
Problem 9 and AP® Practice Problem 4. Function f g f g

x=2 -1 13|12 |-4
Do not use the Product Rule unnecessarily! When one of the factors is a constant,
use the Constant Multiple Rule. For example, it is easier to work Solution
4 s ini=s (e =500
dx[S(x +l)]—5dx(x +1)=5-2x=10x y’=f~g’+f~g’
ook ) y(2)=1(2-9'2)+(2-9(2)
B D=5 D + {ES} (2 +1)=5-2x+0-(*+1)=10x ¥ (2)=(=1)(-4)+(2)(3)
y’(2)=10

Also, it is easier to simplify f(x)=x?(4x — 3) before finding the derivative. That is, it
is easier to work

i[)r2(4x -3)]= i(4x3 —3x%) =12x% —6x
dx dx

than it is to use the Product Rule

AP® CALC SKILL BUILDER
FOR EXAMPLE 2

dilxzmx —-3)] =x2di(4x -3)+ (dixz) (4x —3) = (x))(4) + (2x) (4x —3)
* * * Differentiating a Product in Two Ways

Find the derivative of v(t) = (> —1)(t> +1)

[ol EXAMPLE 2 Differentiating a Product in Two Ways in two ways:
CcLp .
(a) By using the Product Rule.

(b) By multiplying the factors of the

=4x? +8x% — 6x =12x> — 6x

Find the derivative of F(v) = (50> — v + 1)(v* — 1) in two ways:

(a) By using the Product Rule

(b) By multiplying the factors of the function before finding its derivative. function before flndlng its derivative.
Solution
(@ v(t)=(t2-1({t*+1)
AP® CALC SKILL BUILDER ’ V:(t) = (t23—1)(21)+3(2t)(t2 +1)
FOR EXAMPLE 1 =(§x2—2x)(26x)+(x—2)+26"(x—2) v (l‘)=2t3—21+2t +2t
v/(t)=4t
Differentiating the Product of Two
Functions = (%xz —2x+x—2)(26x)+(x—2) (b) v(t)= (> -N(t*+1)
o 1 v(t)=t* -1

Find y |fy=(5x2—2x)(1+Zex). =(x?—2x—4)e" +x-2 v(t)=46°

Solution

By the Product Rule:

y'=(%xz‘ZX)<2e*>+(x—2><1+2e*>

Chapter 2 - The Derivative and Its Properties 195
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Section 2.4: Worksheet 1

This worksheet includes 6 problems in
which students are asked to find each
derivative using the Product Rule. Then they
are asked to verify the derivative, first by
expanding, then by taking the derivative.

COMMON ERRORS & MISCONCEPTIONS

Students often interchange the two terms in
the numerator of the Quotient Rule, which
leads them to the opposite of the correct
answer. Stress to students that subtraction
is not commutative; thus, the order of terms
in the numerator of the quotient rule matters.

IN WORDS The derivative of a quotient
of two functions is the derivative of the
numerator times the denominator,
minus the numerator times the derivative
of the denominator, all divided by the
denominator squared. That is,

(1)’ _Jf's-f¢
g &

_ 1% Chapter e bt Properties

Solution

(a) F is the product of the two functions f(v) =5v> — v+ 1 and g(v) = v’ — 1. Using
the Product Rule, we get

F =G> —v+1) L%(rﬁ - 1)] + [%(51;2 —v+ 1)} —-1)
=(Gv? —v+ DBV + (10v—1)(W° — 1)
=150" =307 + 30> + 100" — 10v — v* + 1
=25v* =403 + 30> — 10v + 1
(b) Here we multiply the factors of F before differentiating.
F)=Gv—v+ D@ = 1) =50 —v* +0° =50 +v -1
Then
F'(v)=25v" —40° + 30> — 10w + 1 n
Notice that the derivative is the same whether you differentiate and then simplify,

or whether you multiply the factors and then differentiate. Use the approach that you
find easier.

I\[)'A"[el:{|g Problem 13.

2 Differentiate the Quotient of Two Functions

The derivative of the quotient of two functions is not equal to the quotient of their
derivatives. Instead, the derivative of the quotient of two functions is found using the
Quotient Rule.

THEOREM Quotient Rule

If two functions f and g are differentiable and if F'(x) = % g(x)#0, then F
glx

is differentiable, and the derivative of the quotient F is

Flx) = [f(x)] _ e = f)g'x)

g(x) [g(x)]

In Leibniz notation, the Quotient Rule has the form

d d
{7 f(x)} g(x) — f(x) {dfg(X)]
X

d - d[f®]_lax
&= 5 L(x) } - g

Proof We use the definition of a derivative to find F’(x).

f+h  f)
F(x+h)— F(x) - lim gx+h) gl
1 h=0 h
_ S

F =27
w0 g(x)

F'(x) = lim

—lim SG+h)gk) — fx)gx+h)
=0 hlg(x+h)g(x)]

We write F’ in an equivalent form that contains the difference quotients for f and g
by subtracting and adding f (x)g(x) to the numerator.
vy S+ h)g) = f)gx) + f(x)g(x) — f)gx +h)
F'(x)=lim
h=>0 hlg(x +h)g(x)]

196 Chapter 2 - The Derivative and Its Properties
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Section 2.4 « Differentiating the Product and the Quotient of Two Functions; Higher-Order Derivatives 197

Now group and factor the numerator.

LfG+h)— f)Igx) — f)Ig(x +h) —g ()]

P fin

0 hlg(x +h)g(x)]
{f(XJrhsz(X)] 2()— f(x) {g(XJth*g(X)}
= lim
=0 gx+h)g(x)
[ fe+n) = fO)] . . [ +h) —gl)
P e

- li h) - li
Jim g (x +h) - lim g(x)
RECALL Since g is differentiable, it is
continuous; so, 2in‘(l)g(x +h)=g(x).

_ f(x)gx) — fx)g'(x)
[g()]? -

V\Y[JN3EY Differentiating the Quotient of Two Functions
x2+1

Find ' if y =
mey Y =53

Solution
The function y is the quotient of f(x) =x2+ 1 and g(x) = 2x — 3. Using the Quotient
Rule, we have
d ) d
,,_ixz"‘l - {E(x + 1)} 2x—=3)—(x*+1) [E(2x73)}
Y oxoam—3" (2x—3)

~ (20@2x-3) -2+ 1)) o 4x? —6x —2x> -2 -~ 202 —6x —2
- (2x —3)2 - (2x —3)? T (2x—3)?

3
provided x # 2 [ ]

INIYAe):Td Problem 23 and AP® Practice Problems 1, 2, 3, 7 and 8.

COROLLARY Derivative of the Reciprocal of a Function
If a function g is differentiable, then
IN WORDS The derivative of the 2
reciprocal of a function is the negative of Z A
the derivative of the denominator i 1 __ dxg( ) __ g'(x)
divided by the square of the dx g(x) [g()1? [g(x)T?
denominator. That is,

(6]

provided g(x) #0.

The proof of the corollary is left as an exercise. (See Problem 98.)

.\ [JNFY Differentiating the Reciprocal of a Function

d

@ L LT g

dxx2+x¥ x2+x)?2  (2+4x)?

Use (1).
d X

d a1 50 e 1
b) Cer=4 — __dx __° __ __ n
®) dx’ dxe* 4 (e¥)? e ex ¢

Use (1).

\[)'Ae]:{|q Problem 25.

COMMON ERRORS & MISCONCEPTIONS

Students may be surprised that the derivative
of a quotient is not simply the quotient of the

AP® CALC SKILL BUILDER
FOR EXAMPLE 3

Differentiating the Quotient of

: 2
e Functlonsex individual derivatives. Consider f(x) = u
Findy” if y =——. (x—2)
) 3x+1 Ask the students to find the derivative of this
Solution function by using the Quotient Rule and then
,_ (€)Bx+1)—(e*)(3) simplify their answer. Then ask them to find the
B (3x+1) derivative of the numerator and denominator
3xe* +e* —3e* separately. Compare the answers. The AP® Calc
= W Skill Builder provided can also be factored and
. . reduced. Do so, and then find the derivative. This
,_ 3xe* —2¢" will allow the students to see that the Quotient
(3x+1)? Rule provides the correct answer.
,_ €(3x-2)
(3x +1)?

AP® CALC SKILL BUILDER
FOR EXAMPLE 3

Differentiating the Quotient of
Two Functions

2
|fy:7x +6X+2,x #—3,find the
instantaneous rate of change of y with
respectto xat x=1.

Solution

To find the instantaneous rate of change
of y with respect to x, we first find the
derivative of y with respect to x using the
Quotient Rule.

, X246x+2
© x+3
(2x +6)(x +3)— (x2 +6x+2)(1)
(x+3)?
2(x+3)% —(x? +6x+2)
(x+3)?
L X246x+2
 (x+3)?
At x = 1, the instantaneous rate of
change of y with respect to x is
g Pb+2_, 9 23
(1+3)? 16 16

Section 2.4: Worksheet 2

This worksheet includes 4 problems in
which students find each derivative using
the Quotient Rule. Then they are asked to
verify the derivative, first by dividing, then by
taking the derivative.

AP® CALC SKILL BUILDER
FOR EXAMPLE 4

Differentiating the Reciprocal
of a Function

Find the derivative

L
dx x®—3x%+5
Solution
i(x3—3x2+5)
i( 1 )__dx
dx\ x®-3x2+5 (x3 —3x2+5)?
3x2 —6x

(x3—3x2+5)?

Chapter 2 - The Derivative and Its Properties 197
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Teaching Tip

Have your students find the derivative

of the function y = — using the Quotient
X

Rule. Then ask the students to rewrite the
function as y = x " and find the derivative
using the Power Rule. Students should
notice that both techniques gave them the
same answer. As the students gain more
experience in finding the derivative of
functions, they will begin to see the pros and
cons of the various techniques.

(MATHEMATICAL PRACTICES

Practice 1: Implementing Mathematical
Processes

Throughout Chapters 2 and 3, students
are learning a number of rules that

they can use to find the derivative of

a function without using the definition
each time. Students will have an ever-
increasing toolbox of techniques that they
can use to find a derivative. As students
learn more rules, ensure that you have
conversations with them about when it is
appropriate to use one rule as opposed to
another. See the Teaching Tip below for
an example of when it is better to rewrite
a rational function to use the Power Rule
instead of using the Quotient Rule.

Teaching Tip

Once students learn the Quotient Rule,
many will want to use it to take the derivative
of any rational expression. Remind students

that if a function is in the form i or X—

c
where ¢ and n are both real numbers then
the expressions can be rewritten so that

the Power Rule can be used. For example,

¢ oy =N X" oy It i
—=C%X and — =—°x". Itis easier to
X c

use the Power Rule to take the derivative of
functions in this form because there is less
room for making a mistake than while using
the Quotient Rule.

AP® EXAM QY

Have the students memorize that the

. 1

|s y’=—— and that
X 1

2x

These derivatives show up regularly, so

students can save time if they memorize
these two rules.

derivative of y =

the derivative of y Jxisy’ =

NOTE In Section 2.3 we proved the
d
Simple Power Rule, o =n -1

where n is a positive integer. Here we
have extended the Simple Power Rule
from positive integers to all integers. In
Chapter 3 we extend the result to include
all real numbers.

Chapter 2 « The Derivative and Its Properties

Notice that the derivative of the reciprocal of a function f is not the reciprocal of
the derivative. That is,
d 1 1
R # .
dx f(x) " f'(x)
The rule for the derivative of the reciprocal of a function allows us to extend the
Simple Power Rule to all integers. Here is the proof.

Suppose 7 is a negative integer and x # 0. Then m = —n is a positive integer, and

d m
— X m—1
ix“:iiz_d" __mnx gl =l =1 g
dx dx xm 4 (xm)2 1 x2m
Use (1). Simple Power Rule Substitute n = —m.
THEOREM Power Rule
The derivative of y =x", where n is any integer, is
d
y/: Exn :nxn—l
S\Y[JNAH Differentiating Using the Power Rule
d > 1
(a) EX =—x‘= -
d 1 d 2
b)) — S=—ul=-2u3=—=
®) du u?_du” " u’
d 4 d 20
— —=4—s57=4.(-5 2050 =" L]
© ds 55 ds’ =3)s g 50

NI Problem 31 and AP® Practice Problem 5.

Using the Power Rule in Electrical Engineering

Ohm’s Law states that the current / running through a wire is inversely proportional
to the resistance R in the wire and can be written as [ = %, where V is the voltage.
Find the rate of change of I with respect to R when V =12 volts.

Solution

The rate of change of I with respect to R is the derivative j—; We write Ohm’s Law
withV=12as I = % = 12R~" and use the Power Rule.

dI d 5 12
il —(12R N=12. —R'=12(-1IR" ) =——=
dR _ dR dR R?

. R . .
The minus sign in — indicates that the current / decreases as the resistance R in the
wire increases. m

\O)'A"[e]:{ g Problem 91.

3 Find Higher-Order Derivatives
Since the derivative f” is a function, it makes sense to ask about the derivative of f’.
The derivative (if there is one) of f” is also a function called the second derivative of f
and denoted by f”, read “ f double prime.”

By continuing in this fashion, we can find the third derivative of f, the fourth
derivative of f, and so on, provided that these derivatives exist. Collectively, these are
called higher-order derivatives.

198 Chapter 2 - The Derivative and Its Properties

AP® CALC SKILL BUILDER
FOR EXAMPLE 5

Differentiating Using the Power Rule

%(2&)=
Solution
2f 2x1/2 12 = Xiz_%
Or using the rule that JLX\/_ = L\/_
d 1
(&)= 2—f 22[ -

Note: The full explanation of the Power Rule
for rational exponents is in Chapter 3.
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Section 2.4 « Differentiating the Product and the Quotient of Two Functions; Higher-Order Derivatives 199 _

Leibniz notation also can be used for higher-order derivatives. Table 3 summarizes

the notation for higher-order derivatives. Section 2.4: Worksheet 3
TABLE 3 This worksheet includes 4 problems in
Prime Notation  Leibniz Notation which a student is asked to find the first four
d d ivati i
First Derivative yoorm 2 L derivatives of each function.
dx dx
- P 2y &
Second Derivative  y f(x) el ﬁf (x)
o Derivati - Iy &
Third Derivative Y f(x) s ﬁf(x)
- dty &
Fourth Derivative y®  f®(x) e wf(x)
° d’l)’, dll
nth Derivative ym o F(x) fx)
dx"  dx"

Y\ (VWA Finding Higher-Order Derivatives of a Power Function AP® CALC SKILL BUILDER
Find the second, third, and fourth derivatives of y = 2x3, FOR EXAMPLE 7
Solution . q T
Use the Power Rule and the Constant Multiple Rule to find each derivative. The first Flndlng ngh,er-order Derivatives of a
derivative is Power Function

d d 9 . .
y = E(zﬁ) =2. E"S =2.3x?=6x? Find the first, second, third, and fourth

Bl — 4
The next three derivatives are derivatives of y==x"+ 5x" +2x.

2 .
Ve o= Lety=6. Lrrm6. 20 =120 Solution
dx? dx dx 5 4
y=—x+5x"+2x

d d
V= —@2x) =—(12x)=12
dx3 dx y'=—5X4+20X3+2

a* d
B =——2x)=-—-12=0
Y dx4( ) dx " y”=—20X3+60X2
All derivatives of this function f of order 4 or more equal 0. This result can be " 2
generalized. For a power function f of degree n, where n is a positive integer, y = —60x° +120x
Sl =x y = —120x+120
ey =nx"""

f'@y=n—1x""2
NOTE Ifn > 1 is an integer, the product

n-n—=1)-n—=2)-...-3-2-1
is often written n! and is %) =n—-Hn—-2)-...-3-2-1 ALTERNATE EXAMPLE

read, "n factorial”

The factorial symbol ! The nth-order derivative of f(x)=x" is a constant, so all derivatives of order greater Finding Higher-Order Derivatives
means 0! =1, 1! =1, and than n equal 0. ) o eX
nl=1-2-3-...-(n=1)-n, It follows from this discussion that the nth derivative of a polynomial of degree n Find the second derivative of y = —.
where n > 1. is a constant and that all derivatives of order n + 1 and higher equal 0. Soluti X
olution
Problem 41. X X
,_ (€)= (e")(1)
S\ [ZNX:F Finding Higher-Order Derivatives y x2
Find the second and third derivatives of y = (1 + x2)e*. y, _ e* (X - 1)
Solution X2
In Example 1, we found that y' = (1 + x?)e* +2xe* = (x> 4 2x + 1)e*. To find y”, use " [(e" )(x—1)+(ex )(1) (xz)—e" (X—1)(2X)
the Product Rule with y'. Yy = (X2 )2
. [xe* —e* +e¥](x?)—2x%e* +2xe*
y = 2
X
, x%e* —2x%e* +2xe*
y = 4
X
X(y2
. (X7 =2x+2)
yo= 3
X

Chapter 2 - The Derivative and Its Properties 199
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Teaching Tip

Begin to build, in the students’ minds, the
relationship between position, velocity,
and acceleration and the function, its first
derivative, and its second derivative.

Position s(t)
Velocity v(t)=sqt)
Acceleration a(t)=v9t)=st)

AP® CALC SKILL BUILDER
FOR EXAMPLE 9

Analyzing Rectilinear Motion

A particle moves along the x-axis so that
at any time t the position of the particle
is given by x(t) = 2te™". Find all values of
t for which the particle is at rest. At what
time is the acceleration of the particle 0? INWORDS. Acceleration is the second

derivative of a position function with
respect to time.

Solution
The particle will be at rest when its
velocity is 0. of
Rewrite the function as x(t) =— and find
the derivative: 9
2)(e")—(2t)(e"
v(t)= (2)( )eZt( )(e%)
0= (2)(e")—(2t)(e")
- o2
2! (1-t)
0=—s—
o2
0=2e'—t(1-1)
t=1

The particle will be at rest when t=1.
To find where a(t) = 0, compute the

t

derivative of v(t) =
Quotient Rule:

a(t):%v(t):%(z;m)

using the

_ 0 Chapter e bt Properties

”71[(x2+2x+l)e‘]*(x2+2x+l) 44 i(x2+2x+1)e"
Y T dx 1T dx dx
Product Rule
=%+ 2x + De'+ 2x +2)e" = (x* +4x +3)e*
w_d x 2 d . [4 5 x
V'i=—[x"+4x+3)e | =(x"+4x+3)—e'+| — (" +4x+3) e
dx 0 dx dx
Product Rule

= (x> +4x +3)e" + 2x +4)e* = (x> +6x +7)e* n

[NEAeLT Problem 45 and AP® Practice Problem 9.

4 Find the Acceleration of an Object in Rectilinear Motion

For an object in rectilinear motion whose signed distance s from the origin at time ¢
is the position function s = s(¢), the derivative s'(r) has a physical interpretation as the
velocity of the object. The second derivative s”, which is the rate of change of the
velocity, is called acceleration.

DEFINITION Acceleration

For an object in rectilinear motion, its signed distance s from the origin at time ¢ is
. " . ) Loods .

given by a position function s = s(¢). The first derivative m is the velocity v =v(z)

of the object at time 7.

The acceleration a = a(r) of an object at time 7 is defined as the rate of change
of velocity with respect to time. That is,

® dv d d (ds d*s
a=a =—=—v=—| — |=—
dr dt dr \ dt dr?

S\Y[JNACN Analyzing Vertical Motion

A ball is propelled vertically upward from the ground with an initial velocity
of 294 m/s. The height s (in meters) of the ball above the ground is
approximately s = s(t) = —4.9t> + 29.4¢, where ¢ is the number of seconds that elapse
from the moment the ball is released.
(a) What is the velocity of the ball at time #? What is its velocity at =1 s?
(b) When will the ball reach its maximum height?
(¢) What is the maximum height the ball reaches?
(d) What is the acceleration of the ball at any time ¢?
(e) How long is the ball in the air?
(f) What is the velocity of the ball upon impact with the ground? What is its
speed?
(g) What is the total distance traveled by the ball?

Solution
(a) Since s =s(t) = —4.91> 4 29.4¢, then
ds
v=v() =—=-9.8r+294
dt

v(1)=-9.84+29.4=19.6

—2¢ef — (2- 2t)ef 2(t-2) Att =1 s, the velocity of the ball is 19.6 m/s.
- o2 B

Now set the expression equal to 0 and
solve.

20,

2(t-2)=0 On the AP® Exam, position functions are

t=2 often referred to as x(t) instead of s(t).

The acceleration of the particle is When doing examples in class, it is a

Oatt=2.

good idea to use both x and s for position
functions so that students are familiar with
using both.

200 Chapter 2 - The Derivative and Its Properties
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Section 2.4 « Differentiating the Product and the Quotient of Two Functions; Higher-Order Derivatives 201

NOTE Speed and velocity are not the
same. Speed measures how fast an object
is moving and is defined as the absolute
value of its velocity. Velocity measures
both the speed and the direction of an
object and may be a positive number or a
negative number or zero

v(3) =0m/s t

i

v(1)=19.6m/s 1 =1 @ M40m

v(0)=294m/s 1=0 (Hr=6

Figure 29

NOTE The Earth is not perfectly round; it
bulges slightly at the equator, and its mass
is not distributed uniformly. As a result,
the acceleration of a freely falling body
varies slightly.

(b) The ball reaches its maximum height when v(¢) =0.

v(t)=-9.8t+29.4=0
9.8:r=29.4
t=3

The ball reaches its maximum height after 3 s.
(¢) The maximum height is

s=53)=—-4.9-324+294.3=44.1

The maximum height of the ball is 44.1 m.
(d) The acceleration of the ball at any time ¢ is
d’s dv d
=a(t)=—=—=—(—9.8: +29.4) = —9.8 m/s*
a=a() dr>  dt dt( +294 m/s

(e) There are two ways to answer the question “How long is the ball in the air?”

First way: Since it takes 3s for the ball to reach its maximum height, it follows

that it will take another 3s to reach the ground, for a total time of 6s in the air.

Second way: When the ball reaches the ground, s = s(¢) = 0. Solve for ¢:

s(t)=—4.91>4+29.4: =0
t(—4.9t+29.4)=0

(- 29.4
49

The ball is at ground level at 7 =0 and at t = 6, so the ball is in the air for 6 s.

t=0 or 6

(f) Upon impact with the ground, =6 s. So the velocity is
v(6) =(—9.8)(6) +29.4=-294

Upon impact the direction of the ball is downward, and its speed is 29.4 m/s.
(g) The total distance traveled by the ball is

5(3)+5(3)=253)=2(44.1)=88.2m n

See Figure 29 for an illustration.

[NIWAWeIid Problem 83 and AP® Practice Problem 6.

In Example 9, the acceleration of the ball is constant. In fact, acceleration is
the same for all falling objects at the same location, provided air resistance is not
taken into account. In the sixteenth century, Galileo (1564—1642) discovered this by
experimentation.* He also found that all falling bodies obey the law, stating that the
distance s they fall when dropped is proportional to the square of the time 7 it takes to
fall that distance, and that the constant of proportionality ¢ is the same for all objects.
That is,

s=—ct?

*In a famous legend, Galileo dropped a feather and a rock from the top of the Leaning Tower of
Pisa, to show that the acceleration due to gravity is constant. He expected them to fall together,
but he failed to account for air resistance that slowed the feather. In July 1971, Apollo 15
astronaut David Scott repeated the experiment on the Moon, where there is no air resistance.

He dropped a hammer and a falcon feather from his shoulder height. Both hit the Moon’s surface
at the same time. A video of this experiment may be found at the NASA website.

Teaching Tip

Particle-motion problems commonly
appear on the AP® Calculus Exam. To
preview coming attractions, some teachers
mention that this is 1-dimensional motion
in which the particle can only move along
a horizontal or vertical axis. Calculus BC
students will study particle motion in two
dimensions in Chapter 9 using vectors,

S0 position, velocity, and acceleration can
vary in both the x and y directions. In the
real world, these quantities vary in all three
directions, X, y, and z. Students might study
these topics in college in a Multivariable
Calculus course.

Chapter 2 - The Derivative and Its Properties 201
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MUST-DO PROBLEMS FOR
EXAM READINESS

AB: 9,13, 19, 23, 25, 31, 37, 41, 45, 57,

67, 81, 83, 91, and all AP® Practice
Problems

BC: 9, 13,23, 25, 31, 41, 45, 47, 69, 77,

81, 83, 91, and all AP® Practice
Problems

Full Solutions to Section 2.4
Problems and AP® Practice
Problems

Answers to Section 2.4 Problems

)

1.
2.

False.

f(x)g’(x)+f(x)g(x)
False.

9 100 Jgto-ro]. 2 g0
4 dx ax

lg()P
d
Fg(x)
5. True. 6. _X—z
[9(x)]
7.0 d*s
' " of?
9. e*(x+1) 10. x(x+2)e*
11, 5x* —2x 12. 5x* +20x°
13. 18x%+6x—10 14. 24x+7
15, 16t" —24t% +10t* — 4% + 4t —1
16. 6u° —5u* —4u® +9u? —10u—1
17. x3eX +3x2%e* +6* +3x2
18. x2e* +2xe* +e* +3x% +1
2 1
19. —— 0. ——
(s+1)? 27?
o 4 4w
T (1+2u)? (14+w?)?
23, ABX°+16x+3)
T (3x+4)?
e
T (2x2 412
25 o 26, ___2VF5
Cowi -1y T (V2 +5u—1)
3 4
27— 2 -
4
29, e_X 30. _4ex
40 6 10 9
N ———— 32 —+—
x° X8 ¥6 x4
202
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The velocity v of the falling object is

and its acceleration a is

1
which is a constant. Usually, we denote the constant 2¢ by g so ¢ = Eg. Then

ds d 5
=—=—(—ct*)=—2ct
dt dt( cr) ¢
_dv_dzs_ 20

Tar T ar T

1
=——gr?
s=-38

The number g is called the acceleration due to gravity. For our planet, g is

approximately 32 ft/s?, or 9.8

our moon, g~ 1.60 m/s?.

m/s?.

On the planet Jupiter, g~26.0 m/s,

and on

2.4 Assess Your Understanding

Concepts and Vocabulary

4x2 -2 —3x3—1
1. True or False The derivative of a product is the product 7] 23. fx)= 24, f(x)=————
of the derivatives. . 3x+4 2241
2. If F(x) = f(x)g(x), then F'(x) = . ) 25 f(w):% 2. g(v):%
d w3 —1 v2+5v—1
3. True or False Ex“:nx”“,foranyimegerm 27. s(t)=173 28. Gu)y=u—*
4. If f and g #0 are two differentiable functions, 4
d Fo 29. f()c):——){ 30. f(x):ﬁ
R T 0,3 2 3
o ) i ) 3 fW=—=+5 2 f==-=
5. True or False f(x)=7canbedlfferentlatedusmglhe X X X X
x
RN —5 2
Quotient Rule or by writing f(x)—%—x’ze" and using the B =3 3x2 M fx=x x3
Product Rule. 4 35. s(t)=1—[l2+ti3 36. s(t)=;+ti2+ti3
6. If ¢ #0 is a differentiable function, then —
@ g0~ 7. fw0=5 # =1
7. If f(x)=x, then f"(x) = ' R ’ e
8. When an object in rectilinear motion is modeled by the position ,52 1 xe
function s = 5(r), then the acceleration a of the object . fo)= 40. f)= X2 —x
attime ¢ is givenby a =a(t)=____.
In Problems 41-54, find ' and f" for each function.
41. f(x)=32+x-2 2. f(x)=-5x2—3x
Skill Building
L . 43. f(x)=e' -3 4. f(x)=x—e*
In Problems 9-40, find the derivative of each function.
(%) 9 fe=xet 10, f(0)=x%" B fH=G+3e 46. @) =3t
1 f()=22G3—1) 2. f)=x'(x+5) 4. FO=Qx+DE+5) 48 f0)=06r—5(>-2)
13, f)=Gx>=5Q2x+1) 14. f(x)=CBx—2)(4x+5) 49. f(x):x+% 50. f(x):x—%
15. s() =2 —0)(3 =2t +1) 51 f(t)7r2—1 . f(u)fu+1
16. F(u)= (' =3 + )(u? —u+2) .
17. f) =@+ D +1) 18. f(x) =2+ 1)(e" +x) 53. fo)= oy 54. f(x):%
2s z+1 _
19. g(s):s+1 2. Fy= 2z 55. Find y’ and y” for (a) v:land (b)y:zx 5.
1-2u —w? -
21. G(“)=]+2M 22. f(w)—ﬁ 56. Fmdj—andj—zfor(a)v—imd(b} \_2 ’3)(4
33, 924 2 2 5ty B 45. f/(x) = " (x+6), f(x) = " (x+7)
) 3 ) 6
3x 46. f/(x) = 3x° (x +4)e"
5 1,23 % 123 , ,
. _t_z t_3 t_4 _t_2_t_3_t4 f (X) 3x (X+6)(X+2)
47. f'(x)=8x3+3x2+10
a7 (x—2)e* 38 X(x=2) () ’
T3 T f7(x) = 24x2 +6x
" X3 —x% 4 x+1 40, X=2¢" 48. f'(x)=9x2 —10x—6, f"(x)=18x-10
T 2.X : 2 1 2
xe (x=1) 49. f'(x)=1-—, f"(x)==
4. f'(x)=6x+1,f"(x)=6 X X
1 2
42. '(x)=-10x—3, f”(x)=—10 50. £/(x) =14 —, F(x) = ——
X X
43. f’(x): ( ):ex 1 )
” =

Chapter 2 - The Derivative and Its Properties

Answers continue on p. 203
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s Ao Undersmnding o _

Rectilinear Motion In Problems 57—60, find the velocity v = v(t) In Problems 81 and 82, use the graphs to determine each derivative.

and acceleration a = a(t) of an object in rectilinear motion whose x) (d)

signed distance s from the origin at time t is modeled by the position 81. Letu(x)= f(x)-g(x)and v(x)= 8 . _ y=x
Sfunction s =5 (t). f) :

57. s(1) = 1612 +20t 58. s(t) =16t 410t + 1

59. (1) =492 +4r +4 60. s(1)=4.92+5¢ o floo 4 x

In Problems 61-68, find the indicated derivative.

61 fD()if f(x)=x*=3x>+2x =5
62. fO()if fx)=4x>+x2—1 5
SO f(x) =45 +x 71. (a)
1y 1o s 5 4 5
63. ﬁ<§t —;t +10—t 64. ﬁ(t +56° =2t +4)
7 i o @ () b) (4 (c)
65. W(e" +u”) 66. ﬂ&e") (©) v'(=2) @ v (6
e (@
oo & ) Trm T Tem T
67. ﬁ(fe ) 68. ﬁ(12)c—e )
82. Let F(1)= f(t)-g(t) and G(t) = &
In Problems 69-72: 8(t)
(a) Find the slope of the tangent line for each function f at the given y y=2g() (7.6)
point.
(b) Find an equation of the tangent line to the graph of each
function f at the given point.
(¢) Find the points, if any, where the graph of the function has a
horizontal tangent line. 72 (a)
(d) Graph each function, the tangent line found in (b), and any
tangent lines found in (c) on the same set of axes. ,J‘ ,é wg i (c)
2 -2 _
6. =" a (—11 —l) - f0)=—5 0,0 672 (d)
x—1 2
, (a) F'(0) () F'(3)
X 1 X241 , ,
@)= a <1, E) 2. f@) =" at (2, E) (©) F'(—4) @ G'(-2)
; d 1
In Problems 73-80: & G- O T =3
(a) Find the points, if any, at which the graph of each function f has a
horizontal tangent line. L .
Applications and Extensions
b) Find i h horiz 1 line.
() Findan ea?uatzon_l/‘or iac orizonia fangent ine 83. Vertical Motion An object is propelled vertically upward 73- (a) (_21 5)1 (27 _27)
(¢) Solve the inequality f'(x) > 0. from the ground with an initial velocity of 39.2 m/s.
(d) Solve the inequality f'(x) <0. The distance s (in meters) of the object from the (b) y= 5, y= =27
(e) anr::h f and any horizontal lines found in (b) on the same set of f::z::naf\te:r i;jcinij:‘;%‘f;;g,t_he position (C) X< _2 orx > 2
(f) Describe the graph of f for the results obtained in (c) and (d). (a) Whatis the velocity of the object at time 72 (d) —2<x<2
N , (b) When will the object reach its maximum height? (e) y” Y= et —x = 1)
B fO=@+ D" —x—1) M f()=0x"-22x+1) (¢) What is the maximum height?
75 foy= x2 2  F)= X +1 (d) What is the acceleration of the object at any time #?
Y+ (e) How long is the object in the air?
77 fx)=xe! 8. f(x)=x7e (f) What is the velocity of the object upon impact with the
. 4 )712—3 80, /00— e ground? What is its speed?
s IWETL - = X241 (g) What is the total distance traveled by the object?
(f) fincreasing on (—° ,—2) and
(2,00) where f’(x) >0,
decreasing on (-2, 2), where
f’(x)<0.
°© 2 2\°1 25
1 2 d/ 10 d’ 30  67. -  68. —¢* 4@ -35 /379
52, f'(u) = ——, f"(U) = — 56. (a) ¥ =_ 9V _ & 3 g
2 ’ d Vi x! 3 31
u u X x° dxc X 2 25
11 o 69. (@) — (b) y——x+—
53 f’(x):eX(___ (b) dy __2 dy_ 4 4 4 b) y=g.y=-"
' 2 ) YR Ll S
X x o xPdd x (©) (0.0),(2.4) 2
(x) ex(i_£+1) 57. v(t):32t+20 a(t)=32 (c)x<—gorx>§
3 2
x> xtx) B8, y(t)=32t+10, a(t) = 32 ) 1
x—1)e* d) ——<x<—
54, f/(x) = (_2 59. v(t)=9.8t+4, a(t) = 9.8 (d) -5 <x<g
X
o (X2 2x+2) 60. v(t)=9.8t+5,a(t)=9.8 Answers continue on p. 204
’”
) =——3 61. f4(x)=0
1 2 5
55. (a) y'=——,y" = 62. O (x)=0
X X
63. 5040 64. 720 70. @1 (b) y=x
b) v/ = 5 , 10 N
b) y'=-2.¥"==75 5. ¢ 6. 26 (c) None.
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(e)

(f) fincreasingon| —° ,—%

y=

Gx2—2)2x + 1)

E% oo), where f’(x) > 0, decreasing

o

75. (a) (0,0), (-

21
"33

(b) y=0,y=-4
(¢) x<—2orx>0

), where f*(x) < 0.
—4)

(d) 2<x<—-Tor-1<x<0

(e)

(=2,.-4)

54

(f) fincreasing on (—°,—2) and

(0, 00) where f

(
’(x) >0, decreasing
d

on(—2,—1) and (—1,0), where

f’(x)<0.

76. (a) (1,2),(-1,-2)

(b) y=2,y=-2
(c) x<—Torx>1

—1<x<0or0<x<1

R

(f) fincreasing on (—°,—1) and (1, ),
where f”(x) > 0, decreasing on
(=1,0) and (0, 1), where *(x) < 0.

° 1 1
7. (a) L—1,—— (b) y=—
e e
(c) x>-1 (d) x<—1
(e) A
ol
31 y=uxe*
21
(=1,-¢71) 14 .
e

(f) fincreasing on (—1,° ), where
f’(x) >0, decreasing on (—° ,—1),
where f’(x) <0.
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84. Vertical Motion A ball is thrown vertically upward from
a height of 6 ft with an initial velocity of 80 ft/s. The distance s
(in feet) of the ball from the ground after 7 seconds is given by
the position function s = s(r) =6 + 80 — 162

(a) What is the velocity of the ball after 2 s?

(b) When will the ball reach its maximum height?
(c
d
(e

What is the maximum height the ball reaches?

What is the acceleration of the ball at any time ?

How long is the ball in the air?

(d)

89.

(f) What is the velocity of the ball upon impact with the ground?

What is its speed?
What is the total distance traveled by the ball?

€4

85. Environmental Cost The cost C, in thousands of dollars, for
the removal of a pollutant from a certain lake is given by the

X .
, where x is the percent of pollutant
x

5.
function C(x) = ——
110 —

removed.

What is the domain of C?
Graph C.
What is the cost to remove 80% of the pollutant?

(a
(b)
(c
(d) Find C'(x), the rate of change of the cost C with respect to
the amount of pollutant removed.

(e

Find the rate of change of the cost for removing 40%, 60%,
80%, and 90% of the pollutant.

(f) Interpret the answers found in (e).

86. Investing in Fine Art The value V of a painting ¢ years after it

is purchased is modeled by the function

1002450

V() +400 1<r<5

(a) Find the rate of change in the value V with respect to time.
(b) What is the rate of change in value after 2 years?

(¢) What is the rate of change in value after 3 years?

(d) Interpret the answers in (b) and (c).

87. Drug Concentration The concentration of a drug in a
patient’s blood ¢ hours after injection is given by the

function f (1) = (in milligrams per liter).

0.4t
20241
Find the rate of change of the concentration with respect to
time.

(a

90.

91.

92.

(c

Interpret the answers found in (b).

Graph P = P(t),0 <t <20.

(e) From the graph, approximate the time (in hours) when the
population is the greatest. What is the maximum population
of the bacteria in the culture?

Economics The price-demand function for a popular e-book is
100, 000
p2+10p+50°
the quantity demanded at the price p dollars.

given by D(p) = 4 < p <20, where D= D(p) is

(a) Find D’(p), the rate of change of demand with respect to
price.

(b) Find D'(5), D'(10), and D'(15).

(¢) Interpret the results found in (b).

Intensity of Light The intensity of illumination / on a surface
is inversely proportional to the square of the distance r from the
surface to the source of light. If the intensity is 1000 units when
the distance is 1 m from the light, find the rate of change of the
intensity with respect to the distance when the source is 10 meters
from the surface.

Ideal Gas Law The Ideal Gas Law, used in chemistry and
thermodynamics, relates the pressure p, the volume V, and the
absolute temperature 7" (in Kelvin) of a gas, using the

equation pV =nRT, where n is the amount of gas (in moles)
and R =8.31 is the ideal gas constant. In an experiment, a
spherical gas container of radius » meters is placed in a pressure
chamber and is slowly compressed while keeping its temperature
at 273 K.

(a) Find the rate of change of the pressure p with respect to the

radius r of the chamber.
4

Hint: The volume V of a sphere is V = gﬂr?

(b) Interpret the sign of the answer found in (a).

(c) If the sphere contains 1.0 mol of gas, find the rate of change

1

of the pressure when r = am

Note: The metric unit of pressure is the pascal, Pa.
Body Density The density p of an object is its mass m divided
by its volume V; that is, p = % If a person dives below the

surface of the ocean, the water pressure on the diver will steadily
increase, compressing the diver and therefore increasing body

(b) What is the rate of change of the concentration after 10 min?
After 30 min? After 1 hour?

(c
(@

(e

Interpret the answers found in (b).
Graph f for the first 5 hours after administering the drug.

From the graph, approximate the time (in minutes) at which
the concentration of the drug is highest. What is the highest
concentration of the drug in the patient’s blood?

88. Population Growth A population of 1000 bacteria is introduced

into a culture and grows in number according to the formula

P(t)=1000 (1 + ) , where 7 is measured in hours.

t
100 + 12

(a) Find the rate of change in population with respect to time.

(b) What is the rate of change in populationatr =1,1=2,1=3,

and r =4?

density. Suppose the diver is modeled as a sphere of radius r.

(a

Find the rate of change of the diver’s body density with
respect to the radius r of the sphere.

4
Hint: The volume V of a sphere is V = grrr3.

(b
(c

Interpret the sign of the answer found in (a).

Find the rate of change of the diver’s body density when the
radius is 45 cm and the mass is 80,000 g (80 kg).

Jerk and Snap  Problems 93-96 use the following discussion:

Suppose that an object is moving in rectilinear motion so
that its signed distance s from the origin at time ¢ is given
by the position function s = s(¢). The velocity v =wv(z)
of the object at time ¢ is the rate of change of s with

. ds .
respect to time, namely, v =v(t) = o The acceleration a = a(t)
1

78. (a) (0,0)and E—z,;iz

(b) }’=0,Y=eiz (c) x<—2o0rx>0
(d) 2<x<0

(e) sy o e

(-23)

-4 -3 -2 -1

0,002 *

(f) fincreasing on (—° ,—2) and (0, =),
where f’(x) > 0, decreasing on
(—2,0) where f(x) <0.

Chapter 2 - The Derivative and Its Properties

79. (a) (~1,—2e), Es

(b) y=-2e,y=

6
leS
6
&3
(d) x<—torx>3

(f) fincreasing on (—1,3), where f’(x) >0,

decreasing on (—° ,—1) and (3, =),
where f*(x) < 0.

Answers continue on p. 205
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93.

94.

95.

of the object at time ¢ is the rate of change of the velocity with
respect to time,

® dv d (ds\ d’s
a=a=—=2(Z)=22
dr  dt \ dt dr?

There are also physical interpretations of the third derivative
and the fourth derivative of s =s(r). The jerk J = J(¢) of the
object at time 7 is the rate of change of the acceleration a with
respect to time; that is,

T= 1= da d (dv) d*v -~ d3s
T T dar T dr \de ) der T dr
The snap S = S() of the object at time ¢ is the rate of change of
the jerk J with respect to time; that is,
S=S()= dJ d’a  d*v d*s
U T ar T ar T ds T art
Engineers take jerk into consideration when designing
elevators, aircraft, and cars. In these cases, they try to minimize
jerk, making for a smooth ride. But when designing thrill rides,
such as roller coasters, the jerk is increased, making for an
exciting experience.

Rectilinear Motion As an object in rectilinear motion moves,
its signed distance s from the origin at time ¢ is given by the
position function s =s(r) = 1> — ¢ + 1, where s is in meters and ¢
is in seconds.

(a

=

Find the velocity v, acceleration a, jerk J, and snap S of the
object at time 7.

(b

(¢) Find the acceleration of the objectat =2 and att =5.

(d

(e) How would you interpret the snap for this object in rectilinear
motion?

=

When is the velocity of the object 0 m/s?

Does the jerk of the object ever equal 0 m/s>?

=

Rectilinear Motion As an object in rectilinear motion moves,
its signed distance s from the origin at time 7 is given by the

- . 1 .
position function s = s(t) = -4 Et + 4, where s is in
meters and 7 is in seconds.

=

(a) Find the velocity v, acceleration a, jerk J, and snap S of the

object at any time 7.

(b) Find the velocity of the object at 7 =0 and at r =3.

(¢) Find the acceleration of the object at 7 =0. Interpret your
answer.

(d

=

Is the jerk of the object constant? In your own words, explain
what the jerk says about the acceleration of the object.

How would you interpret the snap for this object in rectilinear
motion?

(e

N

Elevator Ride Quality The ride quality of an elevator depends
on several factors, two of which are acceleration and jerk. In a
study of 367 persons riding in a 1600-kg elevator that moves at an
average speed of 4 m/s, the majority of riders were comfortable in
an elevator with vertical motion given by

s(1) =4t +0.812 +0.3331°

(a) Find the acceleration that the riders found acceptable.
(b) Find the jerk that the riders found acceptable.

Source: Elevator Ride Quality, January 2007, http://www
ift-report.de/index.php/news/176/368/Elevator-Ride-Quality

s Ao Undersranding 0 _

96. Elevator Ride Quality In a hospital, the effects of high

acce]erat}on or]efk may be harmful to pat!eﬁts, so the 85 (a) 0 <x< 100
acceleration and jerk need to be lower than in standard elevators.
It has been determined that a 1600-kg elevator that is installed in (b) c

50

a hospital and that moves at an average speed of 4 m/s should
have vertical motion

s(t) =4t +0.55t* +0.1167¢
(a) Find the acceleration of a hospital elevator.
(b) Find the jerk of a hospital elevator.

Source: Elevator Ride Quality, January 2007, http://www.lift 20 40 60 80 100X

-report.de/index.php/news/176/368/Elevator-Ride-Quality

97. Current Density in a Wire The current density J in a wire (C) $1 3133333
is a measure of how much an electrical current is compressed (d) 550
as it flows through a wire and is modeled by the C'(X) =

(110—-x)2

1
function J(A) = e where 7 is the current (in amperes) and A is

’ — — 0,

the cross-sectional area of the wire. In practice, current density, (e) C (40) - 01 12 - $1 12/ /0
rather than merely current, is often important. For example, ’ _ — 0
superconductors lose their superconductivity if the current c (60) =0220= $220/ o
density is too high. C/(80) =0.661= $661/0/0
(a) As current flows through a wire, it heats the wire, causing it , _ _ 0,

to expand in area A. If a constant current is maintained in a C (90) =1375= $1 7375/ %o

cylindrical wire, find the rate of change of the current (f) Answers will vary. Sample

density J with respect to the radius r of the wire.

answer: Cost to remove pollutant

(b . .
increases as concentration of

=

Interpret the sign of the answer found in (a).

(c) Find the rate of change of current density with respect to the .
radius r when a current of 2.5 amps flows through a wire of pOHUtant |nC.rleaseS. Cost to
radius r =0.50 mm. remove additional 1% of pollutant
98. Derivative of a Reciprocal, Func;i(m] Prove th,at ifa becomes mUCh greater as
function g is differentiable, then i [5(3;2 , Concentratiozn approacheg 100%.
provided g(x) #0. 100¢° —50
99. Extended Product Rule Show that if f, g, and h are 86- (a) V,(t) = 72 $/
differentiable functions, then , t
d =
U @R = SR )+ /(g Whx) (b) V°(1) = $50/yr
+ 102 () V'(3)° $94.44/yr
From this, deduce that (d) Value of painting is appreciating
WP =3P ) faster after 3 yr than after 1 yr.
2
:Z;;f;b)l,ems 100-105, use the Extended Product Rule (Problem 99) 87 (a) f’(t) — O(;t; 018;2 mg/L/hr
). +
100. y=(x>4+1D(x—D(x+5) o1
0L y=(—DE2+5HA3-1) (b) f’k—) =~0.339 mg/L/hr
102, y=(x*+1)° 103. y=@G3+1)° 6
= DY s °1
104. }*(3x+1)<1+x> x> +1) f/kg)zoosg mg/l_/hr

105. y:(l*%)(l*%)(l*%) f’(1) © —0.044 mg/L/hr

106. (Further) Extended Product Rule Write a formula for the . i
derivative of the product of four differentiable functions. That (C) Answers will vary. Sample answer:

Rate at which concentration of

is, find a formula for di[f] (x) f2(x) f3(x) fa(x)]. Also find a L . .
* drug is increasing is less at 30

0. [12] ) y-
() —° <x<lorl<x

(d) Nowhere.
(e) '

e
2
<©°

-3 -2 -1 12 3%

(f) fincreasing on(—°,1) and (1, o),

where f’(x) > 0, and never decreasing 84. (a) 16 ft/s (b)t=25s

(there is nowhere that f*(x) < 0).

1
I !

8
81. (a) ¢ (b~

formula f"r:j[f(”]"' min than at 10 min, and at 1 h
concentration is decreasing.
(d /
19 1 12 '
d— (¢ 5 —
@ 60 © 5 0 % s =55

82. (a) —% b) -4 (c) 1

8 6 1

b3 @3 (f) 5
83. (a) v(t)=-9.8t+39.2m/s
(b) t=4s  (c) 784m

(e) Concentration highest at approx.
45 min and is about 0.14 mg/L.

~1000(400— 4t2)

(d) —9.8m/s? (e) 8s 88. (a) P'(t)= 07 bacteria/hr
() -39.2m/s (g) 1568 m (b) P’(1)° 38.8 bacteria/hr
P’(2) ° 35.5 bacteria/hr
(c) 10607t (d) =-32ft/s’ P*(3)° 30.6 bacteria/hr
(€) ~5074s (f) ~—8237ft/s P’(4) ° 25.0 bacteria/hr
(g9) 206.0 ft Answers continue on p. 206
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107. If f and g are differentiable functions, show that 113. Suppose fi(x), ..., Jfn(x) are differentiable functions.
. . . 1 p
(c) Rate of increase of populgtlon i FG) = o then @ Fina Lo o
of bacteria decreases as time dx 1
i ) o VO 4C)) b) Find —— .
|r;creases Flo)=—F (o) [m) N g(x)] () Find o
114. Leta, b, ¢, and d be real numbers. Define
(d) (1)
1500 provided f(x) #0, g(x) #0.
. A 1 . . a. b =ad —bc
1000 108. Higher-Order Derivatives If f(x)= = find a formula for c d

P) = 1000(1 + LZ)

100 + - I ) This is called a 2 x 2 determinant and it arises in the study
500 ' the nth denva:ve Of I ;thl is, find f17(x). of linear equations. Let f1(x), f>(x), f3(x), and f4(x) be
X7 —=x"+x . . differentiable and let
‘ ‘ ‘ ‘ 109. Let f(x)= T Rewrite f in the . A A
s 0 15 20 ¢ form (x* + 1) £ (x) = x% — x* + x2. Now find f'(x) without peo= [ fax)
. sing th i le.
(e) Population apparently greatest at using fhe quotient rufe Show that
t= 10 hr. P('] 0) — 1200 baCteria. 110. If f and g are differentiable functions with f # —g, find the D) fl fe fix)  falx)
2p+10 derivative of f_f L8 £@ Ao R@ e
&
89. (a) —100,000—————— books/$ 115, Let fy(x) =x — 1
(p*+10p+50) (@s) 111, fmf—H A=1+ :
x—
(b) D/(5) =-128 b00k3/$ (a) Use technology to find f'(x). f=1+ !
D'(']O) =—48 book5/$ (b) gi:‘ﬂsplify f’ to a single fraction using either algebra or a 1+ - l ;
D,(15) =-22.145 bOOkS/$ (¢) Use technology to find f© (x). [ =1+ %1
. i Hint: Your CAS may have a method for finding 1+ 1
(c) Answers wil vary. Sample answer: higher-order derivatives without finding other derivatives 1+
At $5/book, increase of $1 in price first. vl ,
results in sales reduced by about Challence Prob] (@) Write fi, f2, f3, fs, and fs in the form %
f allenge Problems
128 bOOKS- At $1 O/bOOKx Increase & X L . X (b) Using the results from (a), write the sequence of numbers
of $1 in price results in sales 112. SupPose f and 8 haye derivatives up to the rouﬂh orfier. Find representing the coefficients of x in the numerator,
the first four derivatives of the product fg and simplify the beginning with f(x) =x — 1.
reduced by about 48 books. At answers. In particular, show that the fourth derivative is (©) Wite the seque;lce in (b) as a recursive sequence
$1 5/b00k, increase of $1 In price i(_fg) = g dfOg) 46 @ | f DBy o H»inr: Look at the /sum/ of consecutive terms.
results in sales reduced by about dxt (@ Find f5, 1, f3, f3, fi, and f.
2215 books. As price increases Identify a pattern for the higher-order derivatives of fg.

demand becomes less sensitive to

$1 increase in price per book. ( Preparing for the AP""‘ Exam

90. —2 lumens/m AP® Practice Problems
1o7] 1. What is the instantaneous rate of change at x = —2 of the feh' + fg'h — f'gh 'h' — ghf'
. o) L= by Y S t W SR @ S
dr . 471.,. unction f(x) = o . eh' +g'h . fgh' + fg'h+ f'gh
(b) As radius increases, pressure \ . o ! - © —— O =7
within container decreases. W ®5 ©3 O dy
o1 2. An equation of the tangent line to the graph 4 Ity ==c", then dx
(c) P'Lz) ~—415,945.358 Pa/m G e i i 6 4y @) s I5) S5
= © 3x%e*(x+1) D) 2% (x +3)
d gm (A) 7x +3y =37 (B) 7x+3y=33
92. (a) d_l:=_4°r4 (©) 7x—3y=9 (D) 13x +3y =51 (153 5- *( **+%>aﬂ:2is
(b) As rincreases, p decreases. As 197| 3. If £, g, and h are nonzero differentiable functions of x, - 7 @ 9 @ 9 @) 4
i d h 2 2 4
diver descends, r decreases, so then (%) =
p increases, and density of diver
increases.
(c) =—1397 kg/m*
93. (a) v(t)=3t2—1m/s, a(t) = 6t m/s?,
J(t)=6m/s3 S(t) = o m/s* (c) a(0)=—2m/s? Initially, acceleration 96. (a) a(t)=1.1+0.702t m/s?
A3 is negative, so velocity is initially (b) J(t)=0.702m/s®
(b) t= i—3 s decreasing. o Y
3 (d) J(t) = 4t, not constant. Interpretations 97. (a) probi—
() a(2)=12m/s?,a(5) =30 m/s? will vary. Sample interpretation: o .
(d) No. Initially, J = J(0) = 0, so acceleration is (b) As radius increases, current density
(e) Answers will vary. Sample answer: not increasing. As time increases, J is decreases.
Since snap Sis a.Iways 0, object ' positive, so acceleration is increasing. (c) —1.273x 10" amps/m?
experiences constant jerk J. (e) _Intterprettatt_ions will vary. SamP"; 98. See TSM for proof.
1 interpretation: S = 4 > 0, so jer
9%4. (a) v(t)= gts -2+ m/ s Jis steadily increasing, so rate of %. Sei TSM f;)r proof.
alt)= 22 —2m /s J(t) = 4t m/s° increase of acceleration is increasing. 100. 4x°+12x° -8x+4
S(t)=4m/s* 95. () a(t)=1.6+1.998t m/s? 101. 6x°—5x*+20x> ~18x?+2x -5
(b) V(0) = 1/2 mls, v(3) = 25/2 m/s (b) J(t)=1.998 m/s° Answers continue on p. 207
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(157 7-

NEED TO REVIEW? The trigonometric
functions are discussed in Section P6,

Section 2.5 « The Derivative of the Trigonometric Functions 207 _

The position of an object moving along a straight line at 8. Find an equation of the normal line to the graph of the function
time 7, in seconds, is given by s(r) = 161> — 5 4 20 meters. P
What is the acceleration of the object when ¢ = 27 fx) = | atx = L.
(A) 32m/s  (B) 0m/s?>  (C) 32m/s> (D) 64 m/s (A) 8x+6y = 11 (B) —8x+6y =5
=3

Ify = X 3 x # —3, the instantaneous rate of change of y ©) —3x+4y=-1 D) 3x+4y=5

X
with respect to x at x = 3 is 9. If y = xe", then the nth derivative of y is

1 1 1
(A) == (B) 5 (©) Ee D) 1 (A) ¢ (B) (x+me* (C) ne* (D) x"e*

2.5 The Derivative of the Trigonometric
Functions

OBJECTIVE When you finish this section, you should be able to:

1 Differentiate trigonometric functions (p. 207)

1 Differentiate Trigonometric Functions
To find the derivatives of y =sinx and y = cos x, we use the limits

sinf cosf —1

im——=1 and im =0
-0 6 6—0
that were established in Section 1.4.
THEOREM Derivative of y =sinx
The derivative of y =sinx is y’ =cos x. That is,
/ d H
y'=—sinx =cosx
dx
Proof
, sin(x + 1) —sinx . o
y =lim ———— The definition of a derivative
h—0 h
. sinxcosh+sinhcosx —sinx
= lim sin(A + B) =sin A cos B +sin B cos A
h—0 h
X sinxcosh —sinx  sinhcosx
= Rearrange terms.
h—0 h h
. . cosh—1 sinh
= lim |[sinx - - COSX Factor.
h—0 h h

L . cosh—1 . . sinh
= |limsinx| | lim + | lim cos x | | lim —— | Use properties of limits.
h—0 h—0 h h—0 =0 h

0-1 in6
OS070 o, im™ 1 m

=sinx -0+ cosx - 1 =cosx lim ;
60 ] 00 0

d
The geometry of the derivative Ix sinx = cos x is shown in Figure 30. On the graph
X

pp. 52-58. Trigonometric identities are of f(x)=sinux, the horizontal tangents are marked as well as the tangent lines that have
discussed in Appendix A-4, pp. A33 to slopes of 1 and —1. The derivative function is plotted on the second graph, and those
A36.

points are connected with a smooth curve.

3(y4 2
10212 ) 106. 1105, (008 )]
108 90+ A
a3 1 12 20 8 +H 006 (X)L (x)
T ox? X 8T +H(X)BX) B (x) T (x)
Te 1y 1o 3 +A0) (0B 0% (X);
105. — 1——) 1——) —) d
x2[L 5 e L Iha1* = 4100
01 1 og 01 i dX
o s B 107. See TSM for proof.
o 1 o 1 n!
+U_x_2)k1_x_3ﬂ 108, S
1,2 4 5.6 .
T2 TS 6T Answers continue on p. AA-4

Alternate Examples
Section 2.5

You can find the Alternate Examples for
this section in PDF format in the Teacher's
Resource Materials.

AP® Calc Skill Builders
Section 2.5

You can find the AP® Calc Skill Builders for
this section in PDF format in the Teacher’s
Resource Materials.

COMMON ERRORS & MISCONCEPTIONS

Whenever students are using their
calculators to approximate a derivative
of a function that involves a trigonometric
expression, remind them that they must be
in radian mode or they will get the wrong
- . sin .
answer. This is because lim ——=1in
-0 6O

radians, but if 6 is measured in degrees,

im 306 _ " 0.01745. If students have
00 6 180
their calculator in degree mode, they will get
an incorrect answer for any values (including
derivatives) that involve trigonometry.

AP® EXAM ilY

Students have to know the sum identities
for sin x and cos x to prove the derivative
rules for these functions, but sum and
difference identities do not usually show
up on the AP® Exam. For a review of
trigonometric identities, see Appendix A.4.
There is not a specific list of identities
that students must know for the AP®
Exam, but Calculus AB students should
know at least their Quotient Identities,
Pythagorean Identities, and Double-Angle
Identities. In addition to these, Calculus
BC students should know their Power-
Reducing Identities. While other identities
might appear on the exam, these are the
most common.

Section 2.5: Worksheet 1

This worksheet walks the student through
a graphical explanation of the derivative

of the functions y = sin x and y = cos x.
The students are also asked to recall the

6 trigonometric derivatives from memory
and to find the derivative of 2 trigonometric
functions.

Chapter 2 - The Derivative and Its Properties 207

©2020 BFW HS Publishers. Pages not final. For review purposes only. Do not distribute.



_ e Chapter e bt Properties

r3)-0 '] )0 )0
AP® CALC SKILL BUILDER ﬁ ! ﬁ
FOR EXAMPLE 1 \
-3 7572” 3 737,1 N\ -Z (0,0) z 7 Y 7 57” 3&

Differentiating the Sine Function | ‘ 5 i
Find y” if r(=3)=0 r(=5)=o r(g)=o

i | f(x) = sinx !
(a) y:x2+1+3smx o1y Mon on
(b) y=2xsinx / |

37 X

|
o
b
)
ol
i
©
g
|
S
|
<
o3
|
I3
<
Bk
©
g
|

Solution
l(xz_'_»]) (=37, —1) (=, —1) 1 (r. 1) G, —1)
’_ ax
(a) y = —W‘f’ 3c0s X F'(x) = cos x
B 2x 3008 X Figure 30
- (X2 + 1)2 To find derivatives involving the trigonometric functions, use the sum, difference,

product, and quotient rules and the derivative formulas from Sections 2.3 and 2.4.

(b) y”=(2)(sin x)+(2x)(cos x)

Yy’ =2sin x+2x cos x Differentiating the Sine Function
Find y’ if:
GRAPHING CALCULATOR @ y=x+dsinx  B) y=xsinx (@ y=—2 (@ y=e'sinx
PRACTICE Solution

. . (a) Use the Sum Rule and the Constant Multiple Rule.
Find all values of x where the lines

tangent to y =Inx and y = 2x +sin x
have the same slope. (b) Use the Product Rule.

d d d d
y’=E(x+4sinx)=Ex+ E(4sinx)= 1 +4E sinx =1+44cosx

Solution y = i(x2 sinx) = x2 [i sin x] + [ixz} sinx = x2 cos x + 2x sinx
dx dx dx
Since students do not currently know (© Use the Quotient Rule
how to take the derivative of y =Inx, p ’ J
they will have to use a calculator to help 4 /s [— sinx] - x —sinx - [—x] )
0 . . , sin x dx dx X COs X —sinx
them answer this question. First, graph y= g( S >= P = 2
the derivative of each function using your
calculator's numerical derivative feature.

X X

(d) Use the Product Rule.

’

d (€* sinx) X d . + d x :
) = — (€ sIn = — SIn —e sin
y ax € X € ax X dxe X

NORMAL FLOAT AUTO REAL RADIAM HMP n . A
=e¢" cosx + e sinx = e*(cos x + sin x) n
Plotl Plot2 Plot3
........... L S TP PP PR TP TP .
ENY1 Eﬁ( 1In(X) )|K=X IN[0)"VAYY(0]:14 Problems 5, 29 and AP® Practice Problems 1, 5 and 10.
........... I s
INY 2857 (2X+5in(X) )|y THEOREM Derivative of y = cos.x
EN\Y3= The derivative of y =cos x is
ENY4= d
ENY5= , .
y'=——cosx =—sinx
\Ys= dx
INY 7=

You are asked to prove this in Problem 75.

Next, use the intersection feature of your
calculator to find the point of intersection

of the derivatives.

NORMAL FLOAT AUTO REAL RADIAM HMP n
CALC INTERSECT
Ya=nDeriv(2X+sin(X)XsX)

Building Calculator Skills AP® EXAM Ril2

You can often have students practice
multiple calculator skills at the same time.
See the Graphing Calculator Practice at
left for an example of how you can have
students practice their ability to find a

Students should be able to recognize
the definition of a derivative and use

it to evaluate a limit. For example,

if students are asked to evaluate

i sin(x+h)—sin(x)

numerical derivative and the intersection of h|| ) , they should
e two curves in the same problem. - o
AL SIS Ten Y¥=2.942817Y P recognize that the limit is in the form
~f(x+h)—-f(x) ,
Since the derivatives intersect at h@n 5 which equals f*(x).

x =0.3398114, the two functions will both So if f(x) = sin x, /(x) = cos x. Thus,
have the same slope at x = 0.3398114. . M —si

Thus, the slope of the tangent lines will be i sin(x+h)—sin(x) _ o

equal at x = 0.340. h—0 h
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CALC
® F3YNYINFA Differentiating Trigonometric Functions
CcLp

Find the derivative of each function:

cos 6 e’
(a) f(x)=x?cosx b) g()=—— (¢) F(r)=
1 —sinf cost
Solution
£ =L cosx) =x2L cosx + (La? ) (cosx)
(a) fi@)=—-@ cosx)=x"——cosx ¥ | (eosx
= x2(—sinx) + 2x cosx = 2x cos x — x> sinx
d s6 | (1 —sinf) — (cos ) d(l sin6)
(b) /(0) a d cos 6 B 20 cos sin Ccos 20 sin
8= \1=sine )~ (I—sin6)?
_ —sin® (1 —sin#) —cosf(—cos¥) —sind + sin® 0 4 cos® 0
- (1—sin6)? - (1—sin6)2
_ —sinf + 1 _ 1
T (1—sinf)? 1—sinf
d d
© F0 d e (Ee )(cost)—e (E COS[) e' cost —e'(—sint)
C =—| — |= =
dt \ cost cos?t cos? ¢
_ ¢'(cost +sint) .
- cos? ¢
Problem 13 and AP Practice® Problems 2, 6 and 8.
1\ [JN2] Identifying Horizontal Tangent Lines
Find all points on the graph of f(x)=x + sinx where the tangent line is horizontal.
Solution
B _5[’ Since tangent lines are horizontal at points on the graph of f where f’(x) =0, begin by
- y=x finding f’(x) =1+ cos x. Now solve the equation:
. G, 3m) f/(x) =1+cosx=0
cosx=—1
x = x=Q2k+m
3 - n 37 % where k is an integer.
- -
(=7, —m) Since sin[(2k + 1)7] = 0, then f((2k + 1)) = (2k + 1)7r. So, at each of the points
((2k + 1)m, (2k + 1)), the graph of f has a horizontal tangent line. See Figure 31. m
3
(=3m, —37)

Notice in Figure 31 that each of the points with a horizontal tangent line lies on the

Zsn line y =x.

Figure 31 f(x)=x +sinx [NEWATeId Problem 57 and AP” Practice Problem 9.

The derivatives of the remaining four trigonometric functions are obtained using
trigonometric identities and basic derivative rules. We establish the formula for the
derivative of y =tanx in Example 4. You are asked to prove formulas for the derivative
of the secant function, the cosecant function, and the cotangent function in the exercises.
(See Problems 76-78.)

Solution

AP® CALC SKILL BUILDER
FOR EXAMPLE 2

— (8) ¥’ =~y ~2sinx
Differentiating Trigonometric X

Functions (b) ' = (cosx)(cosx)— (sinx)(—sinx)
Find y* if r= cos? x
2, ain?

(@) y =+ 2005 ,_ os?x+sin’x

X cos? x

sinx 1
b == P
b} y cos X V= s x

y’ =sec’x

ALTERNATE EXAMPLE

Differentiating Trigonometric Functions

Find the first eight derivatives of y = cos x.
Then find the fiftieth derivative of y = cos x.

Solution
y = Cos X
y'=-sinx
y” =-cos x
y” =sinx
¥y =cos x
y® =_sinx
y® = —cos x
y') =sinx
y® = cosx

¥ = cos x; therefore, y!®) = —cosx

Teaching Tip

For the Alternate Example above, see if
students can identify the pattern in the
derivatives of cosine and use it to find the
fiftieth derivative of cos x.

AP® CALC SKILL BUILDER
FOR EXAMPLE 3

Identifying Horizontal Tangent Lines

Find all points on the graph of
f(x)=2x+4 cos x where the tangent line
is horizontal.

Solution

To find the tangent line, first find the
derivative of f.

f’(x)=2—4sinx
Now solve f*(x)=0.
2—4sinx=0
' 1
sinx =—
2

Since sinx = % for x :% + 2krr

and x = %ﬁ + 2k, then the graph
of fhas horizontal tangents at

x=%i2knandx=5§i2kn’.

Chapter 2 - The Derivative and Its Properties 209
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9\ [JXY Differentiating y =tan x

Show that the derivative of y =tan x is

FOR EXAMPLE 4

( AP® CALC SKILL BUILDER )

Differentiating y = tan x
g )
X

ax
Solution
i(taﬂ) _ (sec? x)(x)— (tan x)(1)
ax® x x?

_ xsec? x—tanx
XZ

( AP® CALC SKILL BUILDER )

FOR EXAMPLE 5

Finding Acceleration

The position x (in meters) of an
object moving along a line at time

t (in seconds), 0° t° % is given

by x(t) =8 cos(t)+2t> —1. What is
the velocity of the object when its
acceleration is 0?

Solution

First, we find expressions for the velocity
and acceleration of the object by taking
the first and second derivatives of x.

v(t)= xqt)=—8sin(t)+ 4t
a(t)=vqt)=-8cos(t)+4
Now we solve a(t)=0:

—8cos(t)+4=0
1

cos(t)=—
(0=

=2

3

The velocity at t = % is:

o orm orm
v| = |=-8sin| = |+4| -
(5)=55)+4(5)
°J3) 4rn

=8 — |[+—

2 3
=—4\/§+47”z—2.739

The velocity of the object when the
acceleration is 0 is approximately
—2.739 m/s.

Section 2.5: Worksheet 2

This worksheet contains 3 trigonometric
functions. The students are asked to find the
second derivative of each function.

210

,_d 2
y' = —tanx =sec” x

dx
Solution
d . . d
. — sinx | cosx —sinx [— cosx
, d . d sinx dx dx
=—tanx=— =
YT dx 4 dx cosx 4 cos? x
Identity Quotient Rule
COS X - COSX — sinx - (—sin x) cos? x + sin® x 1

=sec’x m

cos? x cos? x cos? x

[NEWATLLE Problem 15 and AP® Practice Problems 3 and 7.

Table 4 lists the derivatives of the six trigonometric functions along with the domain
of each derivative.

TABLE 4

Derivative Function

Domain of the Derivative Function

d

— sinx =cos x (=00, 00)

dx

d .

— cosx = —sinx (—00, 00)

dx

N 2k+1 .

— tanx =sec” x x|x # 7, k an integer

dx 2

d 5 .

o cotx = —csc” X {x|x #km, k an integer}
x

d .

I cscx =—cscxcotx  {x|x #km, k an integer}
x

x
NOTE If the trigonometric function
begins with the letter ¢, that is, cosine,
cotangent, or cosecant, then its derivative

d—secx:secxtanx

2k+1
{x\x# 2+ n,kaninteger}

N\O)'A"[e]:{|q Problem 35.

has a minus sign.

DY\[JEAH Finding the Second Derivative of a Trigonometric Function

Find f" (%) if £(x) =secx.

Solution

If f(x)=secx, then f'(x)=secx tanx and

d d d
f"(x) = —(sec x tan x) = sec x —[anx) + <—secx tan x
dx 0 dx dx

Use the Product Rule.

=secx - sec’ x + (sec x tan x) tan x = sec® x + sec x tan” x

() (5) el D)o ()5 () #8122

T T
T /2tanl =1
sec; V2 an’, n

[N Problem 45 and AP® Practice Problem 4.

Teaching Tip

Spend a few minutes with your students
reciting the derivatives of the 6 trigonometric
functions. Read them out loud two times
slowly. Point out to the students that each
trigonometric function that starts with the letter
¢ has a negative sign in the derivative formula.
Point out the patterns in the similarities of the
derivatives (i.e., the derivative of sec x and csc
x are similar). Ask the students to recite aloud
the derivatives in unison. Do so in order twice,
then begin to switch the order around. A few
minutes spent working on memorizing these
six derivatives will go a long way.

Chapter 2 - The Derivative and Its Properties

Teaching Tip

If you would like to show your students how to
derive the formulas for the derivatives of sec x,
csc x, and cot x, each of the formulas can be
found by writing the trigonometric function as a
fraction and then using the Quotient Rule to find
the derivative, similar to Example 4.
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Figure 32

Section 2.5 ¢ The Derivative of the Trigonometric Functions 211 _

Application: Simple Harmonic Motion

Simple harmonic motion is a repetitive motion that can be modeled by a
trigonometric function. A swinging pendulum and an oscillating spring are examples
of simple harmonic motion.

SV [HNAY Analyzing Simple Harmonic Motion

An object hangs on a spring, making the spring 2 m long in its equilibrium position. See
Figure 32. If the object is pulled down 1 m and released, it oscillates up and down. The
length [ of the spring after ¢ seconds is modeled by the function /() =2 4 cos ¢.

(a) How does the length of the spring vary?

(b) Find the velocity of the object.

(c) At what position is the speed of the object a maximum?
(d) Find the acceleration of the object.

(e) At what position is the acceleration equal to 0?

Solution

(a) Since [(t)=2+cost and —1 <cost <1, the length of the spring varies between
1 and 3 m.

(b) The velocity v of the object is
I'(t) d (2+cost) sint
v= = — =—
dt

(¢) Speed is the magnitude of velocity. Since v=—sint, the speed of the object
is |v|=|—sint|=]sint|. Since —1<sintz <1, the object moves the fastest
when |v| =|[sint|=1. This occurs when sinz = %1 or, equivalently, when cosz=0.
So, the speed is a maximum when /(¢) = 2, that is, when the spring is at the equilibrium
position.

(d) The acceleration a of the object is given by

d d
a=1"(t)= El/(t) = E(fsin t)=—cost

(e) Since a = —cost, the acceleration is zero when cost =0. So, a =0 when /(1) =2,
that is, when the spring is at the equilibrium position. This is the same time at which the
speed is maximum. m

Figure 33 shows the graphs of the length of the spring y =1(z), the velocity y = v(z),
and the acceleration y = a(r).

position

I 1

Figure 33 y = [(t)(blue), y = v(t)(red), y = a(t)(green)

NO)'A"[e]:{|q Problem 65.

GRAPHING CALCULATOR
PRACTICE

The velocity of a particle is given by
v(t)=tcost—2, where t > 0. Find the
acceleration of the particle the first time
that the velocity is equal to 0.

Solution

First, graph the velocity function and
find the first time it is equal to 0. It can
be helpful to have students set the Xmin
value in their window to 0 to match

the domain so they do not accidentally
choose a solution not in the domain.

NORMAL FLOAT AUTO REAL RADIAN MP []

CALC 2ERD
Yi=Hcos(¥)-2

A

Zero
H=5.1141822 Y=0

The calculator stores this value as X,

S0 you can store it and use it to find the
acceleration at x = 5.114, which will be
the derivative of the velocity at x = 5.114.

NORMAL FLOAT AUTO REAL RADIAN MP n

59.114182188

The first time that the particle’s velocity is
0, its acceleration will be 5.098.

Teaching Tip

Section 2.5: Worksheet 3

This worksheet contains 2 trigonometric
functions and their corresponding graphs. The
students are asked to find the tangent line at
the given point and sketch the tangent line on
the graph.

Building Calculator Skills

Always have students store intermediate
values in their calculator instead of writing
down a rounded answer. Using a rounded
answer in an intermediate step can cause
students to get an incorrect final answer.

Consider using College Board's Personal
Progress Check for Unit 2 either for
homework or on a review day. This progress
check includes approximately 30 multiple-
choice questions and 3 partial or full free-
response questions.

Chapter 2 - The Derivative and Its Properties 211
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MUST-DO PROBLEMS FOR
EXAM READINESS

AB:5,7,11, 15,19, 21, 29, 37, 41,
45, 55, 57, and all AP® Practice
Problems

BC: 5, 11, 13, 15, 23, 29, 31, 35, 45,
57, 63, 65, and all AP® Practice
Problems

Full Solutions to Section 2.5
Problems and 2.5 AP® Practice
Problems

Answers to Section 2.5

Problems
1. False. 2. False.
3. True. 4. False.
5. 1—cosx 6. —(sinx+2x)
7. sec? x —sinx 8. cosx —sec? x
9. 3c0s0+2sin@  10. 4sec’6+cosb
11. cos? x —sin? x or cos2x
12. 0 13. cost—tsint
14. t% sec? t+2ttant
15. ¥ (sec? x+tanx)
16. e* secx(tanx +1)

17. msecu(sec? u+tan® u)
18. m(usec? u+tanu)
2
1. _Xxesc x2+cotx
X
20. _xcscxcot2x+cscx
X
21. x(xcosx+2sinx)
22. t? sec®t+2ttant
23. tsec?t+tant —+/3 secttant
24. xsecxtanx+secx —/2 csc? x
25, 1 2 COSX + X Sinx
cos6 —1 cos? x
927, cost+tcos£—smt
(1+1)
2 —
28, (14+u)sec u2 tanu
(1+u)
20, cosx:smx 30, —smx;cosx
e e
2 2
M. —— 5 . — 5
(sin@—cos ) (sinB+cosB)
3 secttant + ttan? t — t — tant
) (1+tsint)?
212

212

2.5 Assess Your Understanding

Concepts and Vocabulary

Chapter 2 « The Derivative and Its Properties

d .
1. True or False Ty Cosx = sinx In Problems 39-50, find y".
X
39. y=sinx 40. y=cosx
d
2. True or False e tan x = cotx 41. y=tan6 42. y=cotf
x
) 43. y=tsint 44. y=tcost
3. True or False —— sinx = —sinx o .
dx? 45. y=e¢*sinx 46. y=e¢"cosx
4. True or False p sm%—cos% 47. y=2sinu—3cosu 48. y=3sinu+4cosu
49. y=asinx+bcosx 50. y=asect+btanb
Skill Building
In Problems 51-56:
In Problems 5-38, find y'. (a) Find an equation of the tangent line to the graph of f at the
AN . 2 indicated point.
S y=xosinx 6. y=cosx—x (b) Graph the function and the tangent line.
. 1
7. y=tanx +cos x 8. y=sin x —tan x 51. f(x)=sinx at (0, 0) 52. f(x)=cosx at (% E)
9. y=3sinf —2cosb 10. y=4tan 0 +sin6 53. f(x)=tanx at 0,0) 54. f(x)=tanx at (%,l)
11. y=sinxcosx 12. y=cotxtanx 7 55. f(x):sinercosxat(%,«/i)
13. y=tcost 14. y=r>tans (A)56. f(x)=sinx —cosx m(%,o)
20| 15. y=e" tanx 16. y=ce"secx In Problems 57-60:
@) Find all points on the graph of f where the tangent line is
(a) Find all poi h h of f wh h line i
. ye 18 v horizontal.
- y=msecutanu -y =mutanu (b) Graph the function and the horizontal tangent lines
ot - on the interval [—2m, 27].
1. y:w x 20. y:cscx
x X 57. f(x)=2sinx +cosx 58. f(x)=cosx —sinx
21 y=x?sinx 22, y=r’tant 59. f(x)=secx 60. f(x)=cscx
23. y=ttant —~/3sect 24. y=xsecx+~/2cotx Applications and Extensions
sin@ X In Problems 61 and 62, find the nth derivative of each function.
25. y= 26. y= .
Y 1—cosf Y Cos x 61. f(x)=sinx 62. f(0)=cosb
. b4 k4
~_ sint _ tanu cos (7+h) —Cos —
Tr=rn Bor=1ry 63. Wharisgm})%v
= sinx cosx o o
2. y=— 30. y=—2 64. Whatis fim S0 H) ZsinT
¢ ¢ =0 h
31 y— sin6 +cos 3. y= sin6 — cos 6 65. Simple Harmonic Motion The signed distance s (in meters) of
: sinf — cos 6 Y sin 4 cos 0 an object from the origin at time 7 (in seconds) is modeled by the
1
sition function s(7) = - cost.
3. y= Secf 4. y= csct position function s (t) 3 cos
1+1sint 1+4tcost
(a) Find the velocity v = v(t) of the object.
J10) 35. y=csch cotd 36. y=tan6 cos6 (b) When is the speed of the object a maximum?
(¢) Find the acceleration a = a(t) of the object.
37, y— 1 +tanx 38 y= cscx —cotx (d) When is the acceleration equal to 0?
I —tanx cscx +cotx (e) Graph s, v, and a on the same screen.
2
csctcott—tcot” t—cott+1¢ , ,
34. - 5 47. 3cosu—2sinu 48. —(3sinu+4cosu)
(1+tcost) )
) ) 49. —(asinx+bcosx)
35. —cscO(csc” 6+ cot” 6)
2ec? 50. asec6(sec? O +tan® 6)+2bsec? Htand
Sec” X
36. cos6@ T 51. (@) y=x
(1—-tanx) (b)
2sinx )
8. — 39. —sinx
(14cosx)
40. —cosx 41. 2tanfsec’ 6
42. secO(sec’ 0 +tan’ )
43. 2cost—tsint 44. —(2sint+tcost)
45. 2e* cosx 46. —2e* sinx Answers continue on p. 213
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66. Simple Harmonic Motion
An object attached to a coiled
spring is pulled down a
distance d =5 cm from its
equilibrium position and then
released as shown in the
figure. The motion of the
object at time 7 seconds is
simple harmonic and is -
modeled by d(t) = —5cost. N R i

Equilibrium

t=0

(a

=

As t varies from 0 to 27, how does the length
of the spring vary?

(b) Find the velocity v = v(r) of the object.

(¢) When is the speed of the object a maximum?
(d) Find the acceleration a = a(r) of the object.
(e

(f) Graph d, v, and a on the same set of axes.

a4

N

When is the acceleration equal to 0?

67. Rate of Change A large, 8-ft-high decorative mirror is
placed on a wood floor and leaned against a wall. The weight
of the mirror and the slickness of the floor cause the mirror
to slip.

(a) If 6 is the angle between the top of the mirror and
the wall, and y is the distance from the floor to the top of
the mirror, what is the rate of change of y with
respect to 67

(b) In feet/radian, how fast is the top of the mirror slipping down

the wall when 0 = %?

68. Rate of Change The sides of
an isosceles triangle are sliding 0,0
outward. See the figure.

(a) Find the rate of change
of the area of the triangle
with respect to 6.

(b) How fast is the area changing when 6 = %?

69. Sea Waves Waves in deep water tend to have the symmetric
form of the function f(x) =sinx. As they approach shore,
however, the sea floor creates drag, which changes the shape of
the wave. The trough of the wave widens and the height of the
wave increases, so the top of the wave is no longer symmetric
with the trough. This type of wave can be represented by a
function such as

4

W) = cosy

(a) Graph w=w(x) for0 <x <4mx.
(b) What is the maximum and the minimum value of w?
(¢) Find the values of x, 0 < x <4, at which w’(x) =0.
(d) Evaluate w' near the peak at 77, using x =7 — 0.1, and near
the trough at 27, using x =27 —0.1.

e 2

(e

<

Explain how these values confirm a nonsymmetric wave
shape.
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70. Swinging Pendulum A simple
pendulum is a small-sized ball swinging LA

from a light string. As it swings, the

T, tension

supporting string makes an angle 6 with
the vertical. See the figure. At an
angle 6, the tension in the string

isT =

@

w . . .
050’ where W is the weight of W, weight

the swinging ball.

(a)

(b)

(©

71. Restaurant Sales

Find the rate of change of the tension 7" with respect to 6
when the pendulum is at its highest point (6 = ).
Find the rate of change of the tension 7" with respect to 6
when the pendulum is at its lowest point.

‘What is the tension at the lowest point?

A restaurant in Naples, Florida, is very busy

during the winter months and extremely slow over the summer.
But every year the restaurant grows its sales. Suppose over the
next two years, the revenue R, in units of $10,000, is projected to
follow the model

R=R(1r)=sint+0.3r+1 0<r<12

where ¢ =0 corresponds to November 1, 2018; t = 1 corresponds
to January 1, 2019; t =2 corresponds to March 1, 2019;
and so on.

(a

(b
(c

(A2

(e

72. Polarizing Sunglasses

)

)

<

)

)

‘What is the projected revenue for November 1, 2018;
March 1, 2019; September 1, 2019; and January 1, 2020?

What is the rate of change of revenue with respect to time?

‘What is the rate of change of revenue with respect to time for
January 1, 2020?

Graph the revenue function and the derivative

function R' = R'(t).

Does the graph of R support the facts that every year the
restaurant grows its sales and that sales are higher during the
winter and lower during the summer? Explain.

Polarizing sunglasses are filters that

transmit only light for which the electric field oscillations are in a
specific direction. Light is polarized naturally by scattering off the
molecules in the atmosphere and by reflecting off many (but not
all) types of surfaces. If light of intensity /j is already polarized in
a certain direction, and the transmission direction of the polarizing
filter makes an angle with that direction, then the intensity / of
the light after passing through the filter is given by

Malus’s Law, 1 (6) = Iy cos? 6.

REUTERS/Alamy

J3o1

X+—m+—
6

1
52. =——
(a) y 7 5

(b)

54. (a) y=2x—%ﬂ+1

55. (a) y =2
(b) v

2

1

14

y = sinx + cosx

27 Chapter 2 - The Derivative and Its Properties

56. (a)
(b)

57. (a)

{(tan‘1 2+(2n+ 01

(b)

58. (a)

(b)

59. (a)

(b)

62. (M

y=\/§X—%\/§

y

y=2x —2x

2
y =sinx — cosx

{(tan’1 2+2n7,\/5)|nis an integer},
—J5)|nisan integer}
y y= NG

{ (2n7,N|nis an integer },
2n+1)7t 1)|n isan |nteger}

U | y = secx
i =1
e I R
/\‘ /\
e
T, nz,(-1)" ||n is an integer
y y=cscx
PRt
‘ y=1
A
6 4 2 24 6 ¥
} y=-1
Easva\ ()

n
(~1)2sinx  ifniseven

(X) = n—1
(1) 2 cosx ifnisodd

[
(=12 cos@ ifniseven

(9) = n—1
(-1) 2 sin@ ifnisodd

Answers continue on p. 214
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63.

65.

66.

67.

68.

69.

214

-1 64. —1
(a)
(b)

v(t):—%sintm/s

T )
t= E+ nrm seconds, n an integer.

(c)

a(t)= —%costm/s2

T .
t= E+ nz s, nan integer.

(d)

(e) A(;:/;;‘A v(t)/= 7% sin 7
— AW
—0.125 4 N a(t) = 7% cos t

() = g cost
From 0 to 5 cm.
v(t)=5sintcm/s

tzzs andt:—ﬂs
2 3

a(t) = 5cost cm/s?

(a
(b
(c)
(d)

(e

—_— —

tzzs andt:3—ﬂs
2 3

(f) a(t) = Sc‘(l),sz:

~

1) = 5sint d(t) = —5cost
v(®) N /)

dy , '
—— = -8sinO ft/radian
(@ g
(b) % = —4/2 ftiradian

oA _ 0526 cm?/radian
a6

dA

b) —
”degzz
6

= 1cm2/ra1dian
2

_ 4
WO = T oex

2 4 6

8 10 12X

(b) Max = 4,Min= %

(¢) x=m,2r,3r7

(d) w9z —0.1)=0.395,
w92z —0.1) = -0.045

(e) A symmetric wave would give
slopes with equal magnitudes but
opposite signs.

PG

210

PG

210

214

73.

74.

75.

76.

77.

AP* Practice Problems

d
1. If y = xsinx, then d—y =
X

Chapter 2 ¢ The Derivative and Its Properties

(a) As you rotate a polarizing filter, 6 changes. Find the rate of
change of the light intensity I with respect to 6.

(b) Find both the intensity /(0) and the rate of change of the
intensity with respect to 6, for the angles 6 =07, 45°,
and 90°. (Remember to use radians for 6.)

If y =sinx and y™ is the nth derivative of y with respect to x,
find the smallest positive integer n for which y™ = y.

A+B . A-B
sin —

Use the identity sin A —sin B =2 cos s

with A =x +h and B =x, to prove that

sin(x + 1) — sinx _

d . .
— sinx = lim =cosx

dx =0 h
S - d .
Use the definition of a derivative to prove I cosx = —sinx.
X

Derivative of y=secx  Use a derivative rule to show that

d
—— secx =secx tanx
dx

Derivative of y=cscx Use a derivative rule to show that

d
—— CSCX = —CSC X cotx
dx

78. Derivative of y=cotx Use a derivative rule to show that
d 2
— cotx = —csc™ x
dx

79. Let f(x)=cosx. Show that finding f”(0) is the same as
cosx — 1

finding lim
x—0
80. Let f(x)=sinx. Show that finding f’(0) is the same as
finding lim 0,
=0 x
81. If y=Asint + Bcost, where A and B are constants,

show that y” +y=0.

Challenge Problem

82. For a differentiable function f, let f* be the function defined by

S+ = fx—h)

*(x) = 1

freo)=lim 7

(a) Find f*(x) for f(x) =x>+x.

(b) Find f*(x) for f(x)=cosux.

(¢) Write an equation that expresses the relationship between the
functions f* and f’, where f” denotes the derivative of f.
Justify your answer.

( Preparing for the AP""" Exam

e
(B) xcosx —sinx

(D) (x+1)cosx

(A) xcosx +sinx

(C) cosx + sinx

T T
cos (7 +h) — oS —
2. Whatis lim 3 Ay
h—0 h ice
210
1 V3 V3
A B) - N
A 0 B 2 © 2 (D) >
T
3. If f(x) = tanx, then f’ (7) equals —
3
1
A 23 B4 ©2 D 7
4. The position s (in meters) of an object moving along a =

g g q T a-
horizontal line at time 7,0 <7 < 2 (in seconds) is given

3
by s(t) = 6sint + Etz + 8. What is the velocity of
the object when its acceleration is zero?

(A) 6m/s (B) 3+ m/s

6V3+7 T
©) Tm/s (D) (3f75> m/s

50

d
5. If y = sinx, then — sinx equals

10.

6. If f(x) = LL find £’ (%)

s
08 X

(A) 2723£7r (B) 1+?7z
©) Ifgn (D) 2+23£n

dy
7. If y = x — tanx, then & equals
dx

(B) —tanx

(D) —sec’x

(A) 1 —secxtanx
(C) tan®x

8. If g(x) = e* cosx + 2, then g'(x) =

(A) € —sinx

(C) e*cosx —e*sinx

(B) e*cosx —e*sinx + 3w

(D) e*cosx + e*sinx

9. At which of the following numbers x, 0 < x < 27w, does the

graph of y = x + cos x have a horizontal tangent line?

(A) 0only B) %only

3
©) 2 only (D) Oand z only
2 2
An equation of the tangent line to the graph of f(x) = sinx

2w .
atx = — is
3

(A) 3x+6y =41 —3/3 (B) 3x+6y =21 +3/3

dx*0 (C) 6y —3x=27—-3v/3 (D) 6y —3x =41 —3/3
(A) sinx (B) —sinx (C) cosx (D) —cosx
dT ,
70. (a) 70 =W SC O, tanByax (b) R’(t)=cost+0.3
h (c) $10,539.00 per month

® 2 o g *
a6|,_ (d 5
4

(c) T(O) =W 3 Rty sin 1 + 03¢ + 1
71. (a) For November 1, 2018, the projected 2
1

revenue is $10,000.00.

For March 1, 2019, the projected
revenue is $25,093.00.

For September 1, 2019, the projected
revenue is $15,411.00.

For January 1, 2020, the projected
revenue is $37,570.00.

Chapter 2 - The Derivative and Its Properties
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Answers continue on p. AA-4
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CHAPTER 2 PROJECT

The Apollo Lunar Module
The Lunar Module (LM) was a
small spacecraft that detached from
the Apollo Command Module and
was designed to land on the Moon.
Fast and accurate computations
were needed to bring the LM from
an orbiting speed of about 5500 ft/s
to a speed slow enough to land it
within a few feet of a designated

target on the Moon’s surface. The LM carried a 70-1b computer to
assist in guiding it successfully to its target. The approach to the
target was split into three phases, each of which followed a
reference trajectory specified by NASA engineers.*
The position and velocity of the LM were monitored by sensors that
tracked its deviation from the preassigned path at each moment.
‘Whenever the LM strayed from the reference trajectory, control
thrusters were fired to reposition it. In other words, the LM’s
position and velocity were adjusted by changing its acceleration.
The reference trajectory for each phase was specified by the
engineers to have the form
| B

rrcf(t)—RT+VTf+EATf +ghf +ﬂsrl‘ 1
The variable ry.r represents the intended position of the LM at
time ¢ before the end of the landing phase. The engineers specified
the end of the landing phase to take place at r =0, so that during the
phase, r was always negative. Note that the LM was landing in
three dimensions, so there were actually three equations like (1).
Since each of those equations had this same form, we will work in
one dimension, assuming, for example, that r represents the
distance of the LM above the surface of the Moon.

1. If the LM follows the reference trajectory, what is the reference
velocity vye(r)?
2. What is the reference acceleration a (refr)?

3. The rate of change of acceleration is called jerk. Find the
reference jerk Jiee(7).

4. The rate of change of jerk is called snap. Find the reference
snap Sper(?).

5. Evaluate ref(r), ref(1), aref(t), Jrer(t), and Seer(7) when t =0.

The reference trajectory given in equation (1) is a fourth-degree
polynomial, the lowest degree polynomial that has enough free
parameters to satisfy all the mission criteria. Now we see that the
parameters Ry = rref(0), Vi = vret(0), A = aret(0), Jr = Jrer (0),
and S7 = Srer(0). The five parameters in equation (1) are referred to
as the target parameters since they provide the path the LM
should follow.

But small variations in propulsion, mass, and countless other
variables cause the LM to deviate from the predetermined path. To
correct the LM’s position and velocity, NASA engineers apply a
force to the LM using rocket thrusters. That is, they changed the
acceleration. (Remember Newton’s second law, F = ma.)
Engineers modeled the actual trajectory of the LM by

1 1 1
0)=Rr+ Vrt+ S Apt> + —Jat’ + —Sat? 2
r(t) T+T+2T+6A +24A (2
We know the target parameters for position, velocity, and
acceleration. We need to find the actual parameters for jerk and
snap to know the proper force (acceleration) to apply.

6. Find the actual velocity v =v(¢) of the LM.

7. Find the actual acceleration a = a(t) of the LM.

8.  Use equation (2) and the actual velocity found in Problem 6 to
express J4 and Sy in terms of Ry, Vy, Ay, r(t), and v(t).

9.  Use the results of Problems 7 and 8 to express the actual
acceleration a = a(t) in terms of Ry, Vr, Ar, r(t), and v(t).

The result found in Problem 9 provides the acceleration (force)
required to keep the LM in its reference trajectory.

10.  When riding in an elevator, the sensation one feels just before
the elevator stops at a floor is jerk. Would you want jerk to be
small or large in an elevator? Explain. Would you want jerk to
be small or large on a roller coaster ride? Explain. How would
you explain snap?

*A. R. Klumpp, “Apollo Lunar-Descent Guidance,” MIT Charles Stark
Draper Laboratory, R-695, June 1971,
http://www.hq.nasa.gov/alsj/ApolloDescentGuidnce.pdf
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Chapter Review

THINGS TO KNOW

2.1 Rates of Change and the Derivative
¢ Definition (Form 1) Derivative of a function f ata

number ¢

Fo=tim IR =1©

r—e X —c
provided the limit exists. (p. 167)

Three Interpretations of the Derivative
e Geometric 1f y= f(x), the derivative f'(c)
is the slope of the tangent line to the graph of f at the
point (¢, f(c)). (p. 167)
Rate of change of a function 1f y = f(x), the derivative f’(c)
is the rate of change of f with respect to x at ¢. (p. 167)
Physical If the signed distance s from the origin at time ¢
of an object in rectilinear motion is given by the position
function s = f (1), the derivative f’(ty) is the velocity of the
object at time #y. (p. 167)

2.2 The Derivative as a Function

¢ Definition of a derivative function (Form 2)

/ S+ —f(x)

= lim L/

f0=in =
provided the limit exists. (p. 172)

e Theorem If a function f has a derivative at a number c,
then f is continuous at c. (p. 177)

e Corollary If a function f is discontinuous at a number c,
then f has no derivative at c. (p. 177)

2.3 The Derivative of a Polynomial Function;

The Derivative of y =¢*
d d d

o Leibniz notation => =~ y= % r(x) (p.183)
dx dx dx

* Basic derivatives

d d
—A=0 Aisaconstant (p. 184) —x=1 (p. 184)
dx dx

dpx v (p. 190) d 1 ! (p. 190)
e = X —Inx=- 8
dxe e ® dx N X P

. d _ .

e Simple Power Rule d—x” =nx""", n>1,aninteger
x

(p. 185)

Properties of Derivatives
® Sum Rule i[erg]:ierig
(pp. 186, 187) 4~ " dxT dx
(f+e'=f+g
® Difference Rule i[f —gl= 4 f 7ig
(p. 187) dx dx dx
(f-o=r-¢

© Constant Multiple Rule (p. 186)  If k is a constant,
d d
Zkfl=k—
dx[ /1 dx Y
k) =k f

2.4 Differentiating the Product and the Quotient of

Two Functions; Higher-Order Derivatives

Properties of Derivatives
Product Rule  d d d
(p. 195) E(/§)*/<a§)+<;/>g

(fe)=rg'+f'g

d d
A (s <Ef>g7f(ﬂg)
® Quotient Rule — | = |= - -~ 7
(p. 196) dx \ g g
([)': f's—f¢
g g
provided g(x) #0 d
8
® Reciprocal Rule 4 (i) =— ‘b‘z
(p. 197) dx \ g g
(1)’, &
g &
provided g(x) #0

n—1

d
Power Rule d—x": nx" "', n an integer (p. 198)
X

Higher-order derivatives ~ See Table 3 (p. 199)

Position Function s =s(t) (p. 200)

Velocity v=v(t)= % (p. 200)

dv  d’s
o Accelerati =a(t)=— = — (p. 200
cceleration a=af(t) o= an (p )

2.5 The Derivative of the Trigonometric Functions

Basic Derivatives

d
— sinx =cosx (p. 207)

d
E — secx =secx tanx (p. 210)
dx x

d d
— cosx = —sinx (p. 208) o cscx = —csc x cotx (p. 210)
x

dx

d d
— tanx =sec? x (p. 210) — cotx = —csc? x (p. 210)
dx dx
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Preparing for the
AP® Exam

AP" Review Problems,

Examples Review Exercises

10. f’(x)=—6x

y=—6x y

2.1 1 Find equations for the tangent line and the normal line 1 67-70
to the graph of a function (p. 162)
2 Find the rate of change of a function (p. 163) 2,3 1,2,73 (a)
3 Find average velocity and instantaneous velocity (p. 164) 4,5 T1(a), (b); 72(a), (b)
4 Find the derivative of a function at a number (p. 166) 6-8 3-8,75 5
2.2 1 Define the derivative function (p. 171) 1-3 9-12,77 2
2 Graph the derivative function (p. 173) 4,5 9-12, 15-18
3 Identify where a function is not differentiable (p. 175) 6-10 13, 14,75 4
23 1 Differentiate a constant function (p. 184) 1
2 Differentiate a power function (p. 184) 2,3 19-22
3 Differentiate the sum and the difference of two 4-6 23-26, 33, 34, 40, 51, 52, 67
functions (p. 186) 5|
4 Differentiate the exponential function y =e* (p. 189) 7 44, 45, 53, 54, 56, 59, 69 7
24 1 Differentiate the product of two functions (p. 194) 1,2 27, 28, 36, 46, 48-50, 53-56, 60
2 Differentiate the quotient of two functions (p. 196) 3-6 29-35,37-43,47,57-59, 68, 73, 74 3,10
3 Find higher-order derivatives (p. 198) 7,8 61-66,71,72,76 + ~
4 Find the acceleration of an object in rectilinear 9 71,72,76 8 - 3
motion (p. 200) N 3
25 1 Differentiate trigonometric functions (p. 207) 1-6 49-60, 70 1,6,9 |l ot
12. f/(x)=0
REVIEW EXERCISES y
In Problems I and 2, use a definition of the derivative to find the rate In Problems 15 and 16, determine whether the graphs represent a M y=m
of change of f at the indicated numbers. Sfunction f and its derivative f'. If they do, indicate which is the graph T
of f and which is the graph of f'. 2T
1. fy=yxat@ c=1 (b) c=41,2 14+ y=0
) L. 15. 16. {
(c) c any positive real number
Y -3 -2 -1 12 3%
2. fx)= 1 at(a) c=0 (b) c=2 y 61
X — 61 L
(©) ¢ any real number, ¢ 1 4t 13. No derivative atc=1.
44 !
In Problems 3-8, use a definition of the derivative to find the derivative 27 Y
of each function at the given number. 24 T
- x y=l -1
3. F(x)=2x+5at2 4. f(x)=4x>+1lat—1 — — 41
=2 =1 1 20X -2+
3
5. f(x)=3x*+5xat0 6. f(x)==atl -21 . .
x 1 4 -5 1,0 5 X
7. f)=vIFTat0 8 f)=-—" arl
2x =3 17. Use the information in the graph of y = f(x) to sketch the graph
In Problems 9-12, use a definition of the derivative to find the of y=f'(). ST

derivative of each function. Graph f and f’ on the same set of axes.

9. f(x)=x—6 10. f(x)=7-3x2
11. f(x):2—13 12. fr)=m y=f)
X
In Problems 13 and 14, determine whether the function f has a (5,0)
derivative at c. If it does, find the derivative. If it does not, explain why. i P
Graph each function. ]
13. f(x)=[x*—1late=1 )
4-3x% ifx<-1 =
14. f(x):{ 3 . atc=-—1
—X ifx>—1 . . . .
15. Not a function and its derivative.
16. Blue is f, green is f".
17. y
)1
\ /‘\f =f'(x
D= I N
. il
Full Solutions to Chapter 2 5.5 6.-3 N
Review Exercises 7 8.-5 5l
. Fx)=1
Answers to Chapter 2 Review v
Exercises T y=x-s
1 1 5T
1. (@) - (b) — y=1 /
2 1 4 S0 / s
() — A
2Jc A
2. (a) -2 (b) -2
€ —=
(c—1?
3. 2 4, -8

14. No derivative atc=1.
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18. y= i its derivative. 3
8. Match the graph of y = f(x) with the graph of its derivative 39, ()= R 40, =342 41
18. A 19. 5x4 y =2
P 3 81 ¥y =/f) e 4. Fe) 1 2. ) v—1
20. 3ax 21. x o] . E o=t
. . 3.6 ] ‘ ’
22, 12 23,4 i A ! <2
. —12x L4x-3 — Bog@=1— 4. f(x)=3¢"+x
-5 =3 —-111 3 5x —z47z
4 Cad 45 =l-e 46 =ae*(2x* +7
24.9x%+-x-5 25 14x ) =t P =ac T
5 4. foy=? ;x 48. f(x) = (2xe")?
26. ? 217. 15(X2 —6X+6) y ¥ 49. f(x)=xsinx 50. s(1)=cos’t
3 1 1
28. 10X4 —27)(2 -5 29, 2+—2 } } (3.3) 51. G(u)=tanu+secu 52. g(v):sinvfécosv
X 5.1
16 35 1 &b L+ 53. f(x)=e'sinx 54. f(x)=e"cscx
30.-— 3, 2 ——t B s o
. Y . " F\2 -5 -3 -1 71] 3 05X -5 -3 i 13 5x 55. f(x)=2sinxcosx 56. f(x)=(e*+b)cosx
(5X 3) (X 5) 57 F(r)— sin x 58 ~ l—cotx
24 10 31 3 : j(x)_cscx - fE= 1+cotx
32. - 33. 4X+—3 ) cosf )
X X 59. f(0)= 0 60. f(0)=40cothtand
3 8 a 3b w " “
34 — T3 35 - + - In Problems 61-66, find the first derivative and the second derivative
X X X X y Y of each function.
6(2 3) 5+ (5.5) s+ 5
X— 6l. f(x)=(0x+3) 62. f(x)=xe*
36. 6x2(x3 —1) 37, - 20 . A
(x?-3x)3 1 . Gy 6 =5 64. F(x)=e"(sinx +2cosx)
38 X2 +2x 2 2t%(t-3) R ZITE N R s COERE R SO 66, Fio="0
Ty SV s
(X + 1) (t 2) -1 -1 In Problems 67-70, for each function:
40 6 2 M 2z =51 =51 (a) Find an equation of the tangent line to the graph of the function
T 3T Ty T N2 © ®) at the indicated point.
X X (Z + 1) (b) Find an equation of the normal line to the function at the
2 indicated point.
-V +2v+1 1-2z P
42, VI 43. PE— In Problems 19-60, find the derivative of each function. Treat a and b, (¢) Graph the function, the tangent line, and the normal line on the
(V + 1) (1 —Z+Z ) if present, as constants. same screen.
2
44, 3e* +2x 45, ¢ 19. f(x)=x° 20. f(x)=ax’ 67. fr)=20%—3x+7 68. y= ; . i
Y —
X 4 at (—1,12)
46. ae* (2X2+11+7) 47. —e—x 21. f(x):% 22, f(x)=—6x at (2 §)
'3
2x i
48. 8X(X+1)e 49. xcos x+sinx 23, f(x)=2x2—-3x 24. f(x)=3x3+gxz—5x +7 69. f)=x"—¢' 70. s()=1+2sint
50. —2 cos tsint 3 at (0, 1) at (z, 1)
' 25. F(x)=T7(x>—4) 26. F(x)= 560 +6) 71. Rectilinear Motion As an object in rectilinear motion moves,
51. sec U( secu+tan U) 7 its signed distance s (in meters) from the origin at time ¢
52 CosV+-siny 27 F)=502-30x—6) 28. f()=C3+1)(02—5) (in seconds) is given by the positionzfunction
. — s=f)=12—6t
53. e* (COS X+sin X) 2. fo)= ox* _39)‘2 30, f(x)= 2x+2 (a) Find the average velocity of the object from 0 to 5 s.
X 3x 5x—3 (b) Find the velocity at =0, at r =35, and at any time 7.
54. ¢ CSCX(1 —cot X) 3. )= Tx 2 =22 (c¢) Find the acceleration at any time 7.
55. 2( 0032 X— Sin2 X) or 2c0s2x A 3 4 72. Rectilinear Motion As an object in rectilinear motion moves,
X X . 33, f(x)=2x>—5x"2 M fO=2+-+ its signed distance s from the origin at time 7 is given by the
56. —bsinx +e (COS X— SlnX) , XX position function s(t) = — >, where s is in centimeters and  is
. a in s ds.
i H 3B fo)==—= 36, fx)=@x3—1)? in secon
57 2COSX Sinx or S|n2X . ro ) (a) Find the average velocity of the object from 1 to 3 s.
2CSC2 X sin @ +cos 6 3. fx)= _3 38, f(x)= d (b) Find the velocity of the objectatt=1sandt=3s.
58' (1 + Cot X)z - 299 (& =3x)? X+l (¢) What is its acceleration at t = 1 and r = 3?
60. 4
61. £/(x) = 50x + 30, F(x) = 50
62. f'(x)=(x +1)e*, f"(x) = (x +2)e* 1.8 (c) y- ot
1 4 67. (@) y=—7x+5 (b) y:7x+7
63.9'(u)=7—. 0" ) =—F—1
(2u+1)? 2u+1)* (c) o
) f)=2x=—3x+7

64. F’(x)=e*(3cosx —sinx),

F”(x)=2€*(cosx —2sinx)

65 f,(u)__sinu+cosu g :
' G 69. (a) y=—x—1 (b) y=x—1
=" S (0 -ty
2 N 9 3
—si 68. (@) y=—x+— b) y=—x+—
6. F(x) = XX —SIX. @ y=gxtg ®y=—gxr3
X
o« 2sinx—x?sinx—2xcosx
F”(x)= 3
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73. Business The price p in dollars per pound when x pounds

of a commodity are demanded is modeled by the function

10,000
Sx+100

when between 0 and 90 Ib are demanded (purchased).

px)=

(a) Find the rate of change of price with respect to demand.
(b) What is the revenue function R? (Recall, revenue R equals

75.

76.

Chapter 2 « Review Exercises 219

If f(x) =2+ |x — 3| for all x, determine whether the
derivative f” exists at x =3.

Rectilinear Motion An object in rectilinear motion moves
according to the position function s = 2¢3 — 15¢% 4247 + 3,
where 7 is measured in minutes and s in meters.

(a) When is the object at rest?

(b) Find the object’s acceleration when 1 = 3.

76. (a) t=1min and t = 4min.
(b) a(3)=6m/min?
. 8x—16, f(x) = (4x —2)?

77

74, If f(x) =

price times amount purchased.)

(c) What is the marginal revenue R’ at x = 10 and at x =40 1b?

X

—1
o for all x # —1, find f'(1).

77. Find the value of the limit below and specify the function f for
which this is the derivative.

-2+ AP — (4 —2x)?
lim
Ax—0 Ax

70. (a) y=-2t+27+1 (b) y=%—%+1
(c) y

y=-"2t+2mn+1
4

2

y=1+2sint

71. (a) —1m/s

(b) v(0)=—-6 m/s, v(5)=4 m/s,
v(t)=2t—6 m/s,

(c) a(t)=2m/s?

©2020 BFW HS Publishers.

72. (a) -3 cm/s
(b) v(1)=—1cmls,v(3)=-5 cmis

(c) a(1)=—2cm/s?, a(3)=—-2 cm/s?

73, (a) P 000 g
dx  (5x+100)
(b) R(x):M—Mdollars
5x+100
355

(c) R(10)= 5" $39.44/lb,

R’(40):% ~$6.11/lb

1

74. f’(1)=§ 75. f’(3) does not exist.

Chapter 2 - The Derivative and Its Properties
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( Preparing for the AP":“ Exam

. ® 5
Full Solutions for Chapter 2 AP® REVIEW PROBLEMS: CHAPTER 2
AP® Review Problems ® 1. If f(x) = secx, then f’ (%) = (® 5. The table displays select values of a differentiable function f.
s What is an approximate value of f7(2)?
2
® . w= ®2 ©O1 O V2 [ x [1.996[1.998] 2 [2002]2.004]
Answers to AP Review Problems: [ /&) | 3.168 | 3.181 | 3.194 | 3.207 | 3.220 |
Chapter 2 ®2. Itafunctl(;: f) is (ji::fjrentlable at ¢, then f’(c) is given by @A) 65 ® List  (© 0013 ) 00016
. J) = Jle
D L )I{l_)m[ G—c (® 6. If y = sinx + xe* + 6, what is the instantaneous rate of change
e = 00 of y with respect to x at x = 5?
. +h)—
1L Jim (A) cos5+665  (B) 2
5 5 _
_— fle+h) = f© (C) cos5+ Se (D) 6e cos S
: hlﬁo h @ 7. An equation of the normal line to the graph of f(x) = 3xe* +5
tx =01
(A) Tonly (B) III only a *

1
(C) TandIlonly (D) Iand Il only @) p=Evd  ©) yS=gEd

1
3 dy ©€) y=-x+5 D) y=-3x+5

L Ify = ——, then — = 3

®3. Ify - then -

(® 8. An object moves along a horizontal line so that its position at

© PO N RN
O 0O W > >» O W o

@A) —2X @B - o time 7 is s(f) = t* — 61> — 2t — 1. At what time 7 is the
(x*=5)? (x? = 5)? acceleration of the object zero?
© 267)( ®) 22" : (A) atOonly  (B) atlonly
=3 =5 (C) at3only (D) at0Oand 3 only
10. A (® 4. The graph of the function f is shown below. ®9. If f(x) = e*(sinx + cos x), then f'(x) =

‘Which statement about the function is true?

-—
=
(@)

(A) 2e*(cosx + sinx) (B) e*cosx
(C) 2e*cosx (D) e*(cos®x — sin® Xx)
(® 10. Find an equation of the tangent line to the graph
B
2+2

atx = 1.

of f(x) =

X

(A) 5x+9y=17 B) 9y —5x =7

©) Sx+3y=9 D) 5x+9y=7
(A) f is differentiable everywhere.

(B) 0 < f'(x) < 1, for all real numbers. ® 11. n tanx — 1
im =
(C) f is continuous everywhere. —>F X = %
(D) f is an even function. (A) 0 B) -1 (C) 2 (D) Does not exist.
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Preparing for the EAZN3%1]

AP® CUMULATIVE REVIEW PROBLEMS: CHAPTERS 1-2

®L

®4

(B) =1 (C) 0 (D) does not exist

3x +sinx

. lim — =

=0 2x

A) 0 @B 1 (C) 2 (D) does not exist

. Let h be defined by

if x<1

if x>1

hex) = {f(?;gx(x)

where f and g are both continuous at all real numbers.

If lim1 f(x) =2and lirri g(x) = —2, then for what
x—> x>

number k is i continuous?

A =5 B) -4

© -2 (D) 2

Which function has the horizontal asymptotes y = 1
andy = —1?

(A) fx)= 3 tan~! x
b4

1 — 2
© f(x)=l+—;‘2

B) @) =e*+1

2x2 — 1

D) fx)= m

. Suppose the function f is continuous at all real

numbers and f(—2) = 1 and f(5) = —3. Suppose the
function g is also continuous at all real numbers

and g(x) = f~'(x) for all x. The Intermediate Value
Theorem guarantees that

(A) g(c) =2 for at least one ¢ between —3 and 1.
(B) g(c) = 0 for at least one ¢ between —2 and 5.
(C) f(c) = 0 for at least one ¢ between —3 and 1.
(D) f(c) = 2 for at least one ¢ between —2 and 5.

®s.

The line x = c is a vertical asymptote to the graph of
the function f. Which of the following statements
cannot be true?

(A) lim f(x) = o0
(C) f(c) is not defined.

(B) lim f(x)=c

. The position function of an object moving along a

1 1
straight line is s(¢) = Et3 - Eﬂ +5¢~'. What is the

object’s acceleration at 1 = 57

(A) 7 B) ! ©) ! D) 7
25 5 5 25

. _ 2ax*+bx—1 if x<3

. If the function f(x) = { bt bx—a if x>3

is continuous for all real numbers x, then
(A) 19a — 15b =1 (B) 18a—-9b=1
(©) 19a—-9b =1 (D) 19a+ 156 =1

. Find the slope of the tangent line to the graph

of f(x) = xe* at the point (1, e).

(A) 1 B) e (C) 2 (D) &

. An object in rectilinear motion is modeled by the

position function

s() =3t =8 —6r> +24t >0
where s is in feet (ft) and 7 is in seconds (s). Find the
acceleration of the object when its velocity is zero.

(A) —24ft/s?, 36ft/s?, and 72 ft/s? only
(B) 36ft/s only

(C) 36ft/s> and 72 ft/s* only

(D) —24ft/s* and 36 ft/s> only

NEEN )

(D) f is continuous at x = c.

Full Solutions for AP®
Cumulative Review Problems:
Chapters 1-2

Answers to AP® Cumulative

Review Problems: Chapters 1-2

1. B 2.C
3. A 4. A
5 A 6. D
7. D 8.C
9. C 10. D
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